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Abstract. In this paper, we develop a quantitative if -theory for filtered 
C*-algebras. Particularly interesting examples of filtered C*-algebras include 
group C*-algebras, crossed product C*-algebras and Roe algebras. We prove 
a quantitative version of the six term exact sequence and a quantitative Bott 
periodicity. We apply the quantitative if -theory to formulate a quantitative 
version of the Baum-Connes conjecture and prove that the quantitative Baum- 
Connes conjecture holds for a large class of groups. 
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0. Introduction 



The receptacles of higher indices of elliptic differential operators are ii-theory 
of C* -algebras which encode the (large scale) geometry of the underlying spaces. 
The following examples are important for purpose of applications to geometry and 
topology. 

• AT-theory of group C*-algebras is a receptacle for higher index theory of 
equivariant elliptic differential operators on covering space [TJ [5] [11] ; 

• AT-theory of crossed product C*-algebras and more generally groupoid C*- 
algebras for foliations serve as receptacles for longitudinally elliptic oper- 
ators [2111]; 

• the higher indices of elliptic operators on noncompact Riemannian mani- 
folds live in JT-theory of Roe algebras [15] . 

The local nature of differential operators implies that these higher indices can be 
defined in term of idempotents and invertible elements with finite propagation. 
Using homotopy invariance of the if-theory for C* -algebras, these higher indices 
give rise to topological invariants. 

In the context of Roe algebras, a quantitative operator if-theory was introduced 
to compute the higher indices of elliptic operators for noncompact spaces with fi- 
nite asymptotic dimension |19j . The aim of this paper is to develop a quantitative 
-ftf-theory for general C* -algebras equipped with a filtration. The filtration struc- 
ture allows us to define the concept of propagation. Examples of C* -algebras with 
nitrations include group C*-algebras, crossed product C*-algebras and Roe alge- 
bras. The quantitative if-theory for C*-algebras with filtrations is then defined in 
terms of homotopy of quasi-projections and quasi-unitaries with propagation and 
norm controls. We introduce controlled morphisms to study quantitative operator 
iC-theory. In particular, we derive a quantitative version of the six term exact 
sequence. In the case of crossed product algebras, we also define a quantitative ver- 
sion of the Kasparov transformation compatible with Kasparov product. We end 
this paper by using the quantitative iC-theory to formulate a quantitative version 
of the Baum-Connes conjecture and prove it for a large class of groups. 

This paper is organized as follows: In section 1, we collect a few notations and 
definitions including the concept of filtered C*-algebras. We use the concepts of 
almost unitary and almost projection to define a quantitative isT-theory for filtered 
C*-algebras and we study its elementary properties. In section 2, we introduce the 
notion of controlled morphism in quantitative i^-theory. Section 3 is devoted to 
extensions of filtered C* -algebras and to a controlled exact sequence for quantitative 
-ftT-theory. In section 4, we prove a controlled version of the Bott periodicity and 
as a consequence, we obtain a controlled version of the six-term exact sequence in 
-KT-theory. In section 5, we apply KK-theaiy to study the quantitative if-theory of 
crossed product C*-algebras and discuss its application to if-amenability. Finally 
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in section 8, we formulate a quantitative Baum-Connes conjecture and prove the 
quantitative Baum-Connes conjecture for a large class of groups. 



In this section, we introduce a notion of quantitative if -theory for C* -algebras 
with a filtration. Let us fix first some notations about C* -algebras we shall use 
throughout this paper. 

• If B is a C*-algebra and if 61,..., bk are respectively elements of 
M ni (£?), . . . , M nk (B), we denote by diag(£>i, . . . , £>fc) the block diagonal 



• If X is a locally compact space and B is a C*-algebra, we denote by 
Cq(X, B) the C* -algebra of £?-valued continuous functions on X vanishing 
at infinity. The special cases of X = (0,1], X = [0,1), X = (0,1) and 
X = [0, 1], will be respectively denoted by CB, B[0, 1), SB and B[0, 1]. 

• For a separable Hilbert space W, we denote by JC(H) the C*-algebra of 
compact operators on H. 

• If A and B are C*-algebras, we will denote by A (g> B their spatial tensor 
product. 

1.1. Filtered C*-algebras. 

Definition 1.1. A filtered C* -algebra A is a C* -algebra equipped with a family 
(A r ) r>0 of linear subspaces indexed by positive numbers such that: 

• A r C A r > if r ^ r' ; 

• A r is stable by involution; 

• Af ' Ay> C ArpJ^-rpf , 



• the subalgebra yj A r is dense in A. 

r>0 

If A is unital, we also require that the identity 1 is an element of A r for every 
positive number r. The elements of A r are said to have propagation r. 

• Let A and A' be respectively C*-algebras filtered by (^4 r ) r >o and (A' r ) r>0 . 
A homomorphism of C* -algebras <f> : A — >A' is a filtered homomorphism 
(or a homomorphism of filtered C*-algebras) if (f>(A r ) C A' r for any positive 
number r. 

• If A is a filtered C* -algebra and X is a locally compact space, then 
Co(X, A) is a C*-algebra filtered by (Co{X, A r )) r>0 - In particular the 
algebras CA, A[0, 1], A[0, 1) and SA are filtered C*-algebras. 

• If A is a non unital filtered C* -algebra, then its unitarization A is filtered 
by (A r + C) r >o- We define for A non- unital the homomorphism 



for a e A and z E C. 
Prominent examples of filtered C* -algebra are provided by Roe algebras asso- 
ciated to proper metric spaces, i.e. metric spaces such that closed balls of given 
radius arc compact. Recall that for such a metric space (X, d), a X-module is a 
Hilbert space Hx together with a ^representation px of Cq(X) in Hx (we shall 
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write / instead of px{f))- If the representation is non-degenerate, the X-module is 
said to be non-degenerate. A X-module is called standard if no non-zero function 
of Cq(X) acts as a compact operator on Hx- 

The following concepts were introduced by Roe in his work on index theory of 
elliptic operators on noncompact spaces [13] . 

Definition 1.2. Let Hx be a standard non- degenerate X-module and let T be a 
bounded operator on Hx- 

(i) The support of T is the complement of the open subset of X x X 
{(x,y) G X x X s.t. there exist f and g in Cq(X) satisfying 



(ii) The operator T is said to have finite propagation ( in this case propagation 
less than r) if there exists a real r such that for any x and y in X with 
d(x,y) > r, then (x,y) is not in the support of T . 

(iii) The operator T is said to be locally compact if f ■ T and T ■ f are compact 
for any f in Cq(X). We then define C[X] as the set of locally compact 
and finite propagation bounded operators of Hx, and for every r > 0, we 
define C[X] r as the set of element of C[X] with propagation less than r. 

We clearly have C[X] r • C[Jf] r / C C[X] r+r i. We can check that up to (non- 
canonical) isomorphism, C[X] does not depend on the choice of Hx- 

Definition 1.3. The Roe algebra C*{X) is the norm closure of C[X] in the algebra 
L{Hx) of bounded operators on Hx- The Roe algebra in then filtered by (C[X] r ) r> o- 

Although C*(X) is not canonically defined, it was proved in [5] that up to 
canonical isomorphisms, its X-theory does not depend on the choice of a non- 
degenerate standard A-module. Furthermore, K*(C* (X)) is the natural receptacle 
for higher indices of elliptic operators with support on X 15J. 

If X has bounded geometry, then the Roe algebra admits a maximal version [7] 
filtered by (C[X] r ) r> Q. Other important examples are reduced and maximal crossed 
product of a C*-algebra by an action of a discrete group by automorphisms. These 
examples will be studied in detail in section [3J 

1.2. Almost projections/unitaries. Let A be a unital filtered C*-algebra. For 
any positive numbers r and e, we call 

• an element u in A a e-r-unitary if u belongs to A r , \\u* ■ u — 1| < e and 
\\u ■ u* — 1| < e. The set of e-r-unitaries on A will be denoted by U E ' r (A). 

• an element p in A a e-r-projection if p belongs to A r , p — p* and \\p 2 — p\\ < 
e. The set of e-r-projections on A will be denoted by P £ ' r (A). 



For n integer, we set U^' r (A) = U e ' r (M n (A)) and V e /{A) = P e ' r (M n (A)). 



For any unital filtered C*-algebra A, any positive numbers e and r and any 
positive integer n, we consider inclusions 



f(x)^0,g(y)^0 andf-T-g = 0}. 




and 
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This allows us to define 
and 

Remark 1.4. Let r and e be positive numbers with e < 1/4; 

(i) If p is an e-r- projection in A, then the spectrum of p is included in 

i^r£^ y ^ i+VTEE^ i+VT+E^j and thus M <1 + e 

(ii) If u is an e-r-unitary in A, then 

1-e< ||u|| < l + e/2, 
l-e/2< 1 1 tla — 1 1 1 < 1 + e, 

\\u* -u' 1 ]] < (l + e)e. 

(iii) Lei Ko,e : K — > K 6e a continuous function such that Ko, £ (t) = if t ^ 

1 ~ v/ 2 1 ~ 4e and Ko.eW = 1 ^ l + V^l-4e _ ^ ^ fln £ . r .p ro j ec fi on { n A, 

then Ko,e(p) * s a projection such that \\p — Ko, e (p)|| < 2e which moreover 
does not depends on the choice of kq, £ - From now on, we shall denote this 
projection by Ko(p). 

(iv) J/ u is an e-r-unitary in A, set K\{u) = u(u*u) -1 / 2 . Then Ki(u) is a 
unitary such that \\u — Ki(u)\\ < e. 

(v) If p is an e-r -projection in A and q is a projection in A such that \\p — q\\ < 
1 — 2s , then kq(p) and q are homotopic projections [18[ Chapter 5]. 

(vi) If u and v are e-r-unitaries in A, then uv is an e(2 + s)-2r -unitary in A. 

Definition 1.5. Let A be a C* -algebra filtered by (A r ) r> Q. 

• Let po and p\ be e-r -projections. We say that po and p\ are homotopic e- 
r -projections if there exists a e-r -projection q in A[0, 1] such that q(0) = po 
and q(l) = p\. In this case, q is called a homotopy of e-r -projections in A 
and will be denoted by (<?t)te[o,il- 

• If A is unital, let uq and u\ be e-r-unitaries. We say that uq and u\ 
are homotopic e-r-unitaries if there exists an e-r-unitary v in A[0, 1] such 
that v(0) — uq and v(l) — u\. In this case, v is called a homotopy of 
e-r-unitaries in A and will be denoted by (^t)tg[o,i]- 

Example 1.6. Let p be a e-projection in a filtered unital C* -algebra A. Set Ct = 
cos7rf/2 and St = sin7rf/2 fort € [0, 1] and let us considerer the homotopy of projec- 

* 2 ) in M2(C) between diag(l, 0) and diag(0, 1). 

Set (q t )te[os] = (diag(p,0) + (l-p)®/^)t 6 [o,i]. Sinceq 2 -q t = s 2 (p 2 -p)(g>I 2 , we see 
that (<7t)te[o,i] * s a homotopy of e-r -projections between diag(l, 0) and diag(p, 1 — p) 
inM 2 (A). 

Next result will be frequently used throughout the paper and is quite easy to 
prove. 

Lemma 1.7. Let A be a C* -algebra filtered by (A r ) r> Q. 
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(i) // p is an s-r- projection in A and q is a self-adjoint element of A r such 

— ii 2 — i 

that \\p — q\\ < - — — 21 ^ then q is e-r -projection . In particular, if p is 
an e-r -projection in A and if q is a self-adjoint element in A r such that 
\\p — q\\ < e, then q is a be-r -projection in A and p and q are connected by 
a homotopy of he -r -projections. 

(ii) If A is unital and if u is an e-r-unitary and v is an element of A r such 
that \\u — v\\ < e '\ u g" -1 , then v is an e-r-unitary . In particular, if u 
is an e-r-unitary and v is an element of A r such that \\u — v\\ < e, then 
v is an 4e-r-unitary in A and u and v are connected by a homotopy of 
Ae-r-unitaries. 

Lemma 1.8. There exists a real A > 4 such that for any positive number e with 
e < 1/A, any positive real r, any e-r -projection p and e-r-unitary W in a filtered 
unital C* -algebra A, the following assertions hold: 

(i) WpW* is a Xe-ir- projection of A; 

(ii) Ai&g{WpW* , 1) and diag(p, 1) are homotopic Ae-3r -projections. 

Proof. The first point is straightforward to check from remark 1X741 For the second 
point, with notations of example II. 61 use the homotopy of e-r-unitaries 

{ ( w-\VL = «2 ^) -diagWD ■ (-% Z)) tel0<1] 

to connect by conjugation diag(WpT4 7 * , 1) to diag(p, WW*) and then connect to 
diag(p, 1) by a ray. □ 

Recall that if two projections in a unital C* -algebra are close enough in norm, 
then there are conjugated by a canonical unitary. To state a similar result in term 
of e-r-projections and e-r-unitaries, we will need the definition of a control pair. 

Definition 1.9. A control pair is a pair (X,h), where 

• A > 1; 

• h : (0, tj) — > (0,+oo); e h- > h e is a map such that there exists a non- 
increasing map g : (0, jj-) — > (0, +oo), with h ^ g. 

Lemma 1.10. There exists a control pair (A, h) such that the following holds: 

for every positive number r, any e in (0, and any e-r-projections p and q of a 
filtered unital C* -algebra A satisfying \\p — q\\ < 1/16, there exists an Xe-h e r -unitary 
W in A such that \\WpW* - q\\ ^ Xe. 

Proof. We follow the proof of [TS] Proposition 5.2.6]. If we set 

«=(2K (p)-l)(2/s (g)-l) + l ) 

• then 

||z-2|| sc 2||k ( P )-k ( ? )|| 
s$ 8e + 2||f>-g|| 

and hence z is invertible for e < 1/16. 

• Moreover, if we set U — z\z~ 1 \ and since ZKo(q) = kq(p)z, then we have 

«o(g) = Uk (p)u*. 
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Let us define z' = (2p - l){2q - 1) + 1. Then we have \\z - z'\\ < 9e and \\z'\\ < 3. 
If e is small enough, then \\z'*z' — 4|| ^ 2 and hence the spectrum of z'*z' is in 
[2,6]. Let us consider the expansion in power serie X^fceN a kt k of t n- (1 + t) -1 / 2 
on (0, 1) and let n £ be the smallest integer such that J2 n <k \ a k\/2 k ^ £■ Let us 

set then W = z '/2 Y^k=o a k ( ~ \~ A ) k ■ Then for a suitable A (not depending on 
A, p, q or e), we get that W is a Ae-(4n e + 2)r-unitary which satisfies the required 
condition. □ 

Remark 1.11. The order of h when e goes to zero in lemma Yl.lO\ is Ce~ 3 / 2 for 
some constant C. 

1.3. Definition of quantitative i^-theory. For a unital filtered C*-algebra A, 
we define the following equivalence relations on P^ r (A) x N and on U^ ) r '(A): 

• if p and q are elements of P E ^(A), I and I' are positive integers, (p,l) ~ 
(q, V) if there exists a positive integer k and an element ft, of P e ^(A[0, 1]) 
such that h(0) = diag(p,/ fe+r ) and /i(l) = diag(q, h+i)- 

• if u and u are elements of U^ r (A), u ~ u if there exists an element ft of 
U^ r (A[0, 1]) such that ft(0) = u and ft(l) = v. 

lip is an element of P^£(A) and I is an integer, we denote by [p, l] £ ^ r the equivalence 
class of (p, I) modulo ~ and if u is an element of \J^(A) we denote by its 
equivalence class modulo ~. 

Definition 1.12. Let r and e be positive numbers with e < 1/4. We define: 

(i) K e Q r {A) = P £ ^'(A) xN/^forA unital and 

K e ' r (A) = {\p,l] e ,r G P £/r (i) xN/~ sucft iftai dim K (p A (p)) = 1} 

for A non unital. 

(ii) K e { r (A) = U^ r (A)/ ~ (wii/i ^4 = A if A is already unital). 

Remark 1.13. We shall see in lemma \1.24\ that as it is the case for K-theory, 
Kt ,r {») can indeed be defined in a uniform way for unital and non-unital filtered 
C* -algebras. 

It is straightforward to check that for any unital filtered C*-algebra A, if p is an 
e-r-projection in A and u is an e-r-unitary in A, then diag(p, 0) and diag(0,p) are 
nomotopic e-r-projections in M2{A) and diag(u, 1) and diag(l,u) are homotopic 
e-r-unitaries in M%(A). Thus we obtain the following: 

Lemma 1.14. Let A be a filtered C* -algebra. Then Kq' v (A) and K\' r (A) are 
equipped with a structure of abelian semi-group such that 

\p,l]e,r+\p',l']e,r = [diag(p, p'),l + l%, r 

and 

[u] e ,r + [u%, r = [diag(u, v)] e , r , 

for any [p,l] £ ^ r and [p' 1 l'] e _ r in Kq' t (A) and any \u] £>r and [u'\ £ , r in K^ r {A). 

According to examplc ll.6[ for every unital filtered C* -algebra A, any e-r-projection 
p in M n (A) and any integer I with n ^ /, we see that [/„ — p,n — l] £ ^ r is an inverse 
for [p,l] £ , r . Hence we obtain: 

Lemma 1.15. If A is a filtered C* -algebra, then K^' r {A) is an abelian group. 
Although Kl' r (A) is not a group, it is very close to be one. 
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Lemma 1.16. Let A be a filtered C* -algebra. Then for any e-r-unitary u in M n (A) 
(with A — A if A is already unital), we have [u]^ £t 2r + [w*]3 e .2r = in K^' r (A). 

Proof. If u is an e-r-unitary in a unital filtered C* -algebra A, then according to 
point (vi) of remarkO we see that (diag(l, u) ( ° s \ ~£ ) • diag(l, u*) ■ ( ^ )) te[0 ,i] 
is a homotopy of 3e-2r-unitaries between diag(u, u*) and diag(uu*, 1). Since \\uu* — 
1|| < e, we deduce from lemma [T77l that uu* and 1 are nomotopic 3e-2r-unitaries 
and hence we get the lemma. □ 

Remark 1.17. According to lemma Vl.161 if we define the equivalence relation on 
V 6 ^(A) to be homotopy within \J^ 2r (A), then K{' r (A) can be endowed with an 
abelian group structure. 

We have for any filtered C*-algebra A and any positive numbers r, r' , e and e' 
with e ^ e' < 1/4 and r $J r' natural semi-group homomorphisms 

. % r : K e > r (A)^K Q (A); [p,l] e . r ^ [«o(p)] - [I,]; 
. iY : Kl' r {A)^K x {A); [u] e , r -> [«]; 



e,r e,r ^ e,r. 

e.e' ,r,r f r^e.r i 



. £ E : K% r {A)^K% r (A); \p,l] e>r ^ \p,l] E , >T ,; 
. if> r > r ' : Kl' r {A) — >K(' r ' (A); [u] s , r ^ [u] e , y . 

e,e ,r,r e,e ,r,r ^ e,e ,r,r 

If some of the indices r, r' or e, e' are equal, we shall not repeat it in t*' e ' r ' r . 

Remark 1.18. Let po and pi be two e-r -projections in a filtered C* -algebra such 
that kq(pq) and ko(pi) a^e homotopic projections. Then for any e in (0, 1/4), this 
homotopy can be approximated for some r' by a e-r' -projection. Hence, using point 
(Hi) of remark \1.4\ there exists a homotopy (qt)te[o,i\ of e-r' projections in A such 
that \\po — qo\\ < 3e and \\p\ — qi\\ < 3e. We can indeed assume that r' ^ r and thus 
by lemma \T7^ we get thatpo andpi are homotopic as Yhe-r' -projections. Proceeding 
in the same way for the odd case we eventually obtain: 

there exists A > 1 such that for any filtered C* -algebra A, any e € (0, j^) and 
any positive number r, the following holds: 

Let x and x' be elements in K* ,r (A) such that L%' r (x) = t*' r (x') in K*(A), then 
there exists a positive number r' with r' > r such that 4' Ae,r ' r (x) = 4' Ae,r ' r (x 1 ) in 
K^' r '(A). 

Lemma 1.19. Let p be a matrix in Af n (C) such that p = p* and \\p 2 — p\\ < e for 
some e in (0, 1/4). Then there is a continuous path (pt)te[o,i] * n M„(C) such that 

• Po = p; 

• pi = Lk with k = dim kq (p) ; 

• p* t — p t and \\p1 — Pt\\ < £ for every t in [0, 1]. 

Proof. The selfadjoint matrix p satisfies \\p 2 — p\\ < e if and only if the eigenvalues 
of p satisfy the inequality 

-e < A 2 - A < e, 

i.e. 



Ac #' 1 — yT+4i 1 \ 1 I \ y ( \'\ +-!: + ] 
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Lot Ai,...,Afc be the eigenvalues of p lying in y - v/ 2 1+4 -, 1 ^\ —J and let 

Afe+i,...,A„ be the eigenvalues of p lying in ^ v ' 1 ~^ g+1 , ^ 1+ 2 4e+1 ^. We set for 
t e [0, 1] 

• Ai,t = tAi for i = 1, . . . , fc; 

• Ai,t = fA, + 1 — f for i = k + 1, . . . , n. 

Since A i->- A 2 — A is decreasing on ^ 1 ~ v 2 1+4g -, i^v^EH^ an d increasing on 

-e < A 2 t - A ijt < e 

for all t in [0, 1] and i = 1, . . . , n. If we set p t = u ■ diag(Ai jt , . . . , X n ,t) • u* where u 
is a unitary matrix of M n (C) such that p — u- diag(Ai, . . . , A„) • u* , then 

• Po = p; 

• pi = K (p); 

• Pt = Pt and \\pt — Pt\\ < £ for every t in [0, 1]. 

Since there is a homotopy of projections in M„(C) between Ko(p) and Ik with 
k = diniK (p), we get the result. □ 

As a consequence we obtain: 
Corollary 1.20. For any positive numbers r and e with e < 1/4, then 
K £ Q r {<£) -> Z; [p, ?] £>r ^ dim k (p) - Z 

is an isomorphism. 

Lemma 1.21. Let u be a matrix in M„(C) smc/i fftai — J„|| < £ and — 
7„|| < e /or e in (0, 1/4). T/ien £/iere is a continuous path (ut)te[o,i] * n -^n(C) suc/i 

• no = n; 

• ui = /„; 

• ||MjUt — 7„|| < £ and \\u t ul — I n \\ < £ for every t in [0, 1]. 

Proof. Since u is invertible, u*u and m* have the same eigenvalues Ai, . . . , A„, and 
thus \\utU t — I n \\ < £ and \\u t u1 — I n \\ < e if and only if e (1 — e, 1 + e) for 
i = 1, . . . , n. Let us set 

• h t — w ■ diag(A 1 "'^ 2 , . . . , A«*^ 2 ) • to* where w is a unitary matrix of M„(C) 
such that u*u = w ■ diag(Ai, . . . , A„) • to*; 

• Vt =u - h t for all t G [0, 1]. Then t> t *t> t = to • diag(A 1 _t , . . . , A* - ') • to*. 

Since |A t -~'-l| < £ for all all t £ [0, 1], we get that \\v^v t -I„\\ < e and \v t v* t -I n \\ < 
£ for every t in [0,1]. The matrix v\ is unitary and the result then follows from 
path-connectness of U„(C). □ 

As a consequence we obtain: 

Corollary 1.22. For any positive numbers r and e with e < 1/4, then we have 
Kl> r (C) = {0}. 
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1.4. Elementary properties of quantitative A'-theory. Let A\ and A 2 be two 

unital C*-algebras respectively filtered by (Ai. r ) r> o and (A 2 . r ) r> o and consider 
A\ © A 2 filtered by {A\ r © A 2 r )r>o- Since we have identifications P E c ^(Ai © A 2 ) = 
P£W x ¥^{A 2 ) and \J^ r (A 1 © A 2 ) - U^(^) x U^(A 2 ) induced by the 
inclusions A\ <^-» Ai © A 2 and A 2 ^-s- Ai © A 2 , we see that we have isomorphisms 
K e ' r (A 1 )© J ftT £ ' r (A 2 ) K e ' r {A l ®A 2 ) andif 1 ^ r (A 1 )©X 1 ' r (A 2 ) ^> A^fAi®^). 

Lemma 1.23. Let A be a filtered non unital C* -algebra and let e and r be positive 
numbers with e < 1/4. We have a natural splitting 

K e ' r (A)^K E o r (A)(BZ. 
Proof. Viewing A as a subalgebra of A, the group homomorphisms 
K e ' r (A) — ► K E ' r (A)(BZ 
\p,l]e,r ^ ([p,d\mK (p A (p))] eyr ,dimK (p A (p)) - 1) 



and 



K e Q ' r {A)®1 — > A^ r (A) 



,0 7 fc 



([p,Z]e,r> fc- k') 1 ^ 



+ 



are inverse one of the other. □ 
Let us set A + = A © C equipped with the multiplication 
(a, x) • (b, y) = (ab + xb + ya, xy) 
for a and & in A and x and y in C. Notice that 

• A + is isomorphic to A © C with the algebra structure provided by the 
direct sum if A is unital; 

• A + = A if A is not unital. 

Let us define also p A in the unital case by p A '■ A + —> C; (a, a;) (-> x. We know 
that in usual A-theory, we can equivalently define for A unital the Z 2 -graded group 
K*(A)&sA+ by 

K (A) = keTp A ^ : K (A+) ->• Jf (C) = Z 

and 

Jf 1 (A)=JT 1 (A+). 

Let us check that this is also the case for our Z 2 -graded semi-groups K* £ ' r (A). If 
the C*-algebra A is filtered by (A r ) r>0 , then is filtered by (A r + C) r> o- Let us 
define for a unital filtered algebra A 

K' e ' r (A) = {[p,l] E , r £ P E ' r (A+) xN/~ such that dim K (p A (p)) = 1} 

and 

K[ e ' r {A) = \J e ' r {A+)/ ~ . 
Proceeding as we did in the proof of lemma 11.231 we obtain a natural splitting 

K°' r (A+) K' £ ' r (A)®Z. 

But then, using the identification A + = A © C and in view of lemmas 11.191 and 
OH we get 
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Lemma 1.24. The ^-graded semi-groups Kt ,r (A) and K^ E ' r (A) are naturally 
isomorphic. 

This allows us to state functoriallity properties for quantitative if-theory. If 
4> : A — > B is a homomorphism of unital filtered C*-algebras, then since <f> preserve 
e-r-projections and e-r-unitaries, it obviously induces for any positive number r 
and any e G (0, 1/4) a semi-group homomorphism 

4> e f : K?(A) — ► Kl> r (B). 

In the non unital case, we can extend any homomorphism (f> : A — > B to a homomor- 
phism 4> + : A + — > B + of unital filtered C* -algebras and then we use lemmas [1.231 
and ll.24l to define <frl' r : Kl' r (A) — > Kl ,r (B). Hence, for any positive number r and 
any e € (0, 1/4), we get that K^ r {*) (resp. Kl' r (»)) is a covariant additive functor 
from the category of filtered C* -algebras (together with filtered homomorphism) to 
the category of abelian groups (resp. semi-groups). 

Definition 1.25. 

(i) Let A and B be filtered C* -algebras. Then two homomorphisms of filtered 
C* -algebras tpo : A — » B and : A — > B are homotopic if there exists a 
path of homomorphisms of filtered C* -algebras ipt : A —± B for $5 t $J 1 
between ipo and ipi and such that t ipt is continuous for the pointwise 
norm convergence. 

(ii) A filtered C* -algebra A is said to be contractible if the identity map and 
the zero map of A are homotopic. 

Example 1.26. If A is a filtered C* -algebra A, then the cone of A 

CA = {f G C([0,1],A) such that /(0) = 0} 

is a contractible filtered C* -algebra. 

We have then the following obvious result: 

Lemma 1.27. If <f> : A — > B and </>' : A — > B are two homotopic homomorphisms 
of filtered C* -algebras, then (pl' r — <f>' £ ^ r for every positive numbers e and r with 
e < 1/4. In particular, if A is a contractible filtered C* -algebra, then Kl' r (A) = 
for every positive numbers e and r with e < 1/4. 

Let A be a C*-algebra filtered by (A r ) r>0 and let (Bk)keN be an increasing 
sequence of C*-subalgebras of A such that Bk is dense in A. Assume that 

ken 

Ur>o Bk H A r is dense in Bk for every integer k. Then for every integer k, the 
C*-algebra Bk is filtered by (Bk fl A r ) r> Q. If A is unital, then Bk is unital for some 
fc, and thus we will assume without loss of generality that Bk is unital for every 
integer k. 

Proposition 1.28. Let A be a unital C* -algebra filtered by (A r ) r> o and let (Bk)keN 
be an increasing sequence of C* -subalgebra of A such that 

• (Bk H A r ) is dense in Bk for every integer k, 

r>0 

• (Bk H Ar) is dense in A r for every positive number r. 

Then the 1i2-graded semi-groups Kt' r (A) and \\mKl' r (Bk) are isomorphic. 
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Proof. In particular, we see that B k is dense in A. Let us denote by 

T*, E , r :\miKt> r (B k ) K? r {A) 

k 

the homomorphisni of semi-group induced by the family of inclusions B k ^ A 
where k runs through integers. We give the proof in the even case, the odd case 
being analogous. Let p be an element of P^ r (A) and let S = \\p 2 — p\\ > and 
choose a < £ ^-. Since (Bk l~l A r ) is dense in A r , there is an integer k and a 

feGN 

selfadjoint element q of M n (B k D A r ) such that \\p — q\\ < a. According to lemma 
11.191 q is a e-r projection. Let q' be another selfadjoint element of M n (B k fl A r ) 
such that ||p — q'H < a. Then ||g — q'|| < 2a and if we set qt = (1 — t)g + ig' for 
f G [0, 1], then 

ll<Zi 2 -ftll < ht-<ltq\\ + \\qtq-q 2 \\ + \\q 2 -q\\ + \\q-qt\\ 

< ||g t -g||(MI + ||<z|| + l) + 4a + <J 
12a + 5 

< e, 

and thus g and g' are homotopic in Y £ r f(B k ). Therefore, for p £ P^ r (A) and q in 

some M n (Bk n A r ) satisfying \\q — p|| < ^ p 1 ~ p ^ , we define T' 0er (\p, l] E , r ) to be the 
image of [q, l] £ . r in \\mKl ,r (B k ). Then Tq e r is a group homomorphism and is an 

inverse for To, £l r. We proceed similarly in the odd case. □ 

1.5. Morita equivalence. For any unital filtered algebra A, we get an identifi- 
cation between Y e /(M k (A)) and P £ nk °{A) and therefore between ¥ £ £(M k (A)) and 
P^ r (A). This identification gives rise to a natural group isomorphism between 
Kq T (A) and Kq T \M k {A)) 1 and this isomorphism is induced by the inclusion of 
C* -algebras 

la : A Mk(A); a i-> diag(a, 0). 

Namely, if we set ex t i = diag(l, 0, . . . , 0) £ M k (C), definition of the functoriality 
yields 

f£Jp, lUr = [p ® ei.x + /j ® (4 - ei,i), l] e<r £ i^' r (Af fc (A)) 
for any p in P^' r (A) and any integer I with Z ^ n. We can verify that 

('X*)~ 1 Mkr = W]s,r 

for any q in P^' r (Af/ c (A)) and any integer I with Z ^ n, where on the right hand 
side of the equality, the matrix q of M n (M k (A)) is viewed as a matrix of M nk (A). 

In a similar way, we obtain in the odd case an identification between (M k (A)) 
and U^ r (j4) providing a natural semi-group isomorphism between K e,r (A) and 
K E ' r (Mk(A)). This isomorphism is also induced by the inclusion la and we have 

t-A,*[ x h,r = [x ® ei,i + J„ ® (4 - ei,i)] e , r G ifi' r (M fe (A)) 

for any x in U^ r (A). 

Let us deal now with the non-unital case. For usual if-theory, Morita equivalence 
for non-unital C* -algebra can be deduced from the unital case by using the six- 
term exact sequence associated to the split extension 0— > A — > A — > C ^ 0. 
But for quantitative .fT-theory this splitting only gives rise (in term of section 12. ip 
to a controlled isomorphism (see corollary 14.91) . In order to really have a genuine 
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isomorphism, we have to go through the tedious following computation. If B is a 
non-unital C*-algebra, let us identify M k {B) with Mk(B) © Mfc(C) equipped with 
the product 

(6, A) • (&', A') = {bb' + Xb' + 6A', AA') 
for b and b' in M k (B) and A and A' in M k (C). Under this identification, if A is not 
unital, let us check that the semi-group homomorphism 

$i : K e { r {A) -> X 1 ' r (Mfe(A)); [(x, A)] B , P >-> [(a; ® ei ,i, A] e , P 
induced by the inclusion la is invertible with inverse given by the composition 

*! : r (Mfc(A)) -> ^ r (M fc (i)) 4 Kl' r (A), 
where the first homomorphism of the composition is induced by the inclusion 

M k (A) -> M k (A); (a,z) H- (a,zl k ). 
Let (x, A) be an element of \J e ^ r (A), with a; € M n (A) and A G M„(C). Then 

*l°$l[(l,A)] e , r = [(x®ei,l,A®ifc)] S ,r ) 

where we use the identification M n fc(C) = M n (C)®Mfc(C) to see xiSiei,! and A(8 
respectively as matrices in M„fc(A) and M„fe(C). According to lemma H.211 as a 
e-r- unitary of M n (C) , A is homotopic to I n . Hence 

[(x (g) ei,i, A ® 4)] e , r = [(x «) ei,i, A <g> ei,i + 7 n <g>J fc _i)] 

and from this we get that o <b 1 is induced in JC-theory by the inclusion map 
A Mk(A); a h-> diag(a, 0) which is the identity homomorphism (according to the 

unital case). Conversely, let (y,X) be an element in U^' r (M k (A)) with 
y G M„(M fc (A)) <* Af n (i4) ® Af fc (C) 

and A G M„(C). Then 

^l°*l[(S/i%r = [(j/®ei,i,A(g) Jfc)] e , r , 

where 

• 2/<g>ei,i belongs to M n (M fe (A)) ® M fc (C) M n (A) <g>M fe (C) ® M k (C) (the 
first two factors provide the copy of M n (M k (A)) where y lies in and ei,i 
lies in the last factor). 

• A®I fe belongs to the algebra M n (M k (C)) = M n (C)®M fe (C) that multiplies 
M n (A) ® Mk(C) © Mfc(C) on the first two factors. 

Let 

<r : M n (A) ® M fc (C) ® Af fc (C) -> Af n (A) ® M fc (C) ® M*(C) 
be the C*-algebra homomorphism induced by the flip of M k (C) ® Mfe(C). This flip 
can be realized by conjugation of a unitary f in Mfc(C) ® Mfc(C) = M#j(C). Let 
(f7t)te[o,i] be a homotopy in Ufc2(C) between £/ and Ij.2. Let us define 

A = {(x,z®I k ); x G M n (A)(g>Af fe (C)<g>Af fc (C), z G M n (C)} C M n {M^{A))®M k {C), 
where z® I k is viewed ss z ® I k ® I k in 

M n (MfcS)) <8 M fc (C) = M n (C) (8 Mfc(A) <8> M fc (C). 
Then for any f G [0, 1], 

„4^„4; (x,z®4) i ^ ((In®U t ) -x - (I n ® Uty 1 , z ® I k ) 
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is an automorphism of C*-algebra. Hence, 

((/„ <8> U t ) ■ (y <8> ei,i) • (J„ <8> t/ t _1 ), A ® h) te[01] 

is a path in \]^(Mf.(A)) between (y <g> ei,i, A (8> Jfc) and (<r(y <g> ei,i), A ® !&). The 
range of <t(j/ (81 ei,i) being in the range of the projection I n <8) e\,\ ® Ik, we have an 
orthogonal sum decomposition 

(a(y <8> ei,i), \<8>h) = {°{y ® e M ), A ® e M ) + (0, A <g> (7 fe - e M )) 

(recall that A ® ei,i and A <8> (Zfc - ei,i) multiply M n (A) ® M k (C) <8> M fe (C) on 
the first two factors). By lemma H .211 A is homotopic to 7„ in U^' r (C) and thus 
(a(y (8) eij), A <g> Ifc) is homotopic to (a(y ® e^i), A <8> eij) + (0, J„ ® (Ifc - e^i)) in 

U^(Mfc(A))) which can be viewed as 

diag((y,A),(0,4 (fc _ 1) ) 

in Mfc(M n (Mfc(A)). From this we deduce that [(y, A)] e , r = [(y ® ei,i, A (8) /fc)]e,r in 
iff (Mfe(A)). 

For the even case, by an analogous computation, we can check that the group 
homomorphisms 

K e Q > r (A) -> K e > r (M^A)); [(p, q),l)] S;r ^ [(p ® e M ), g, l\ e>r 

and 

#S' r (Mfc(A)) -► K £ Q r (A); [(p, g), Z)] e , r ^ [(p, g ® 7 fc ), fci] B)P , 

respectively induce by restriction homomorphisms $o : ^o' r (A) — >■ K$ ,r (Mk(A)) 
and : Kq' t (Mk(A)) — > ^^(A) which are inverse of each other, where in the 
right hand side of the last formula, we have viewed p £ M n (Mk(A)) as a matrix 
in M nk (A) and q (8> h € M„(C) ® M fc (C) as a matrix in M„ fe (C). Since <J> is 
induced by &a, we get from lemma [L~2"3l that : Kq T (A) — > K$ 7 (Mk(A)) is an 
isomorphism. 

Let A be a C*-algebra filtered by (A r ) r>Q . Then )C(H)®A is filtered by (JC(H)® 
A r ) r >o and applying proposition [OS] to the increasing family (M fe (A) + ) fe6N of C*- 

subalgebras of K.(H) ® A, lemmas 11.231 and ll.24[ and the discussion above, we 
deduce the Morita equivalence for Kt' r (»). 

Proposition 1.29. If A is a filtered algebra and H is a separable Hilbert space, 
then the homomorphism 

/a \ 
A -t K(H) ®i;a4 

V '•/ 

induces a (7,2-graded) semi-group isomorphism (the Morita equivalence) 

M e /~ : Kl ,r (A) -t Kl ,r {lC(JL) ® A) 
for any positive number r and any e £ (0, 1/4). 
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1.6. Lipschitz homotopies. 

Definition 1.30. If A is a C* -algebra and C a positive integer, then a map h — 
[0, 1] — > A is called C-Lipschitz if for every t and s in [0, 1], then \\h(t) — h(s)\\ si 
C\t-s\. 

Proposition 1.31. There exists a number C such that for any unital filtered C* - 
algebra A and any positive number r and e < 1/4 then : 

(i) if Pq and pi are homotopic in P^ r (A), then there exist integers k and 
I and a C-Lipschitz homotopy in P^+k+li^) between diag(po: Ik, 0;) and 
diag(pi,/ fc ,0i). 

(ii) if uq and u\ are homotopic in \J^ r (A) then there exist an integer k and a 
C-Lipschitz homotopy in V n e ! k r (A) between diag(wo, and diag(Mi, 

Proof. 

(i) Notice first that if p is an e-r-projection in A, then the homotopy of e-r- 

'1 0\ mJ (p 



projections of M2 (A) between and ^ in example 11.61 is 

2-Lipschitz. 

Let (Pi)te[o,i] be a homotopy between po and Pi in V e r f{A). Set a = 

— ii 2 — 1 

inf te [o,i] £ I p ant let i = < t\ < . . . < tk = 1 be a partition of [0, 1] 
such that \\p ti — Pu-i II < ct for i G {1, . . . , fc}. We construct a homotopy 
of e-r-projections with the required property between diag(po> ^n(fc-i); 0) 
and diag(pi, I n (k~i), 0) in Af„( 2 fc_i)(A) as the composition of the following 
homotopies. 

• We can connect diag(pt , I n (p-i) , 0) and diag(p to , 7„, 0, . . . , I n , 0) within 
^ > n(2fc-i)(^) by a 2-Lipschitz homotopy. 

• As we noticed at the beginning of the proof, we can connect 
diag(>t , I„, 0, . . . , I n , 0) and diag(p to , I n - p tl ,p tx , . . . , I n - p tk , p t)t ) 
within Pn(2k-i) (^) a 2-Lipschitz homotopy. 

• The e-r-projections diag(p to ,/„ - p tl ,p tl , ■ ■ ■ J n - Pt k ,Pt k ) and 
diag(p 4o , /„ - p to , . . . ,p tk _ 1 ,I n - p tk _ 1 ,p tk ) satisfy the norm estimate 
of the assumption of lemma ll.7f i) and hence then can be connected 
within P^fc-i) (^4) by a ray which is clearly a 1-Lipschitz homotopy. 

• Using once again the homotopy of example fl~6l we see that diag(p to , I n — 
Pt ,---,Pt k - x ,I n ~ Pt k -!,Pt k ) and diag(0, /„,..., 0,I n ,p tk ) are con- 
nected within P £ '( r 2fc - 1 )(^) by a 2-Lipschitz homotopy. 

• Eventually, diag(0, I„, . . . , 0, I n ,Pt k ) and diag(p tfc , I n ( k -i), 0) are con- 
nected within P £ '(2fe_i) (A) by a 2-Lipschitz homotopy. 

(ii) Let (ut)t£[o,i] be a homotopy between uq and u\ in \] e n ,r (A). Set a — 
infj e [ 01 ] - — " u * g* — ^-li and let £o — < t\ < . . . < t p = 1 be a partition of 
[0, 1] such that \\u ti — u ti _ 1 1| < a for i 6 {1, . . . We construct a homo- 
topy with the required property between diag(ito, hnp) and diag(iti, l2np) 
within U n %^" +1 s as the composition of the following homotopies. 

• Since 7„ p and diag(wJ , 1 Ui 1 , . . . , u* p Ut p ) satisfy the norm estimate of 
the assumption of lemma ll.7f ii). then diag(w to , I np ) is a 3e-2r-unitary 
that can be connected to diag(itt , u* 1 Ut 1 , . . . , u^u^) in U^ 2 ^ (A) 
by a 1-Lipschitz homotopy. 
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• Proceeding as in the first point of lemma 11.81 we see that 
dia,g(I n ,u* tl , . . . ,u* tp , I np ) and diagfu^ , . . . , u* p , I n (p+i)) can be con- 
nected within UgVg p^-n QA) by a 2-Lipschitz homotopy and thus, in 
view of remark fl.4[ 

diag(w to , u* tl u tl , . . . , u* p u tp ,I np ) = 

diag( I n ,u* ti ,..., u* tp ,I„ P ) ■ diag(u to , u H , . . . , u tp , I np ) 
and 

diag(u t * i; . . . , u* tp ,I n{p+1) ) ■ diag(u to , u tl , u tp ,I np ) = 
diag(w t * 1 M to , . . . , u* tp u tp _ 1 , u tp , I np ) 

can be connected within Uj^p'+i)^) by a 4-Lipschitz homotopy. 

• Since \\u1.ut i _ 1 — I n \\ < e, we get by using once again lemma [TTTT ii) 
that diag{u* ti u to , . ■ . ,u* tp u tp _ l ,u tp , I np ) and diag(/„ p , u tp , I np ) can be 
connected within Uj^+i) (^) by a 1-Lipschitz homotopy. 

• Eventually, diag(/„ p , u tp , I np ) can be connected to diag(u tp , I^np) within 
^(2p+i)n(^) a 2-Lipschitz homotopy. 

□ 

Corollary 1.32. There exists a control pair (ah, k-h) such that the following holds: 

For any unital filtered C* -algebra A, any positive numbers e and r with e < 
and any homotopic e-r -projections qo and q\ in P^ r (A), then there is for some 
integers k and I an a^E-kh^r -unitary W in U"^^' er (A) such that 

||diag(a,,/k,Oi)-Wdiag(gi,/ fc ,0,)W r *|| < a h e. 

Proof. According to proposition 11.31] we can assume that go and qi are connected 
by a C-Lipschitz homotopy (<Zt)te[o,il > for some universal constant C. Let io = < 
h < ■ ■ ■ < t p = 1 be a partition of [0, 1] such that 1/32C < \U - ti- X \ < 1/16C. 
With notation of lemma 11.101 pick for every integer i in {1, . . . ,p} a Ae-/ e -unitary 
Wi in A such that \\W l q u _ 1 W* - q u \\ < Ae. If we set W = W p --- W%, then W is 
a 3 p Ae-p/ e r-unitary such that ||H^foH^* - <7i| < 2 p Ae. Since p < 2C, we get the 
result. □ 

2. Controlled morphisms 

As we shall see in section [3l usual maps in i^-theory such as boundary maps 
factorize through semi-group homomorphism of quantitative iiT-theory groups with 
expansion of norm control and propagation controlled by a control pair. This 
motivates the notion of controlled morphisms for quantitative if-theory in this 
section. 

Recall that a controlled pair is a pair (A, h), where 

• A > 1; 

• h : (0,^-) — > (0, +oo); e n- h e is a map such that there exists a non- 
increasing map g : (0, jr) — > (0, +oo), with h ^ g. 

The set of control pairs is equipped with a partial order: (A, h) ^ (A', h') if A ^ A' 
and h e ^ h' £ for all e £ (0, ^L.) 
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2.1. Definition and main properties. For any filtered C*-algebra A, let us de- 
fine the families K, (A) = (K^ r (A)) 0< 
K^A) = (^' r (A)) 0<e<1/4 , r>0 . 

Definition 2.1. Let (A, h) be a controlled pair, let A and B be filtered C* -algebras, 
and let i, j be elements of {0, 1, *}. A (A, h)- controlled morphism 

T : lCi(A) -> Kj{B) 

is a family J- — (F £ ' r ) Q<e< ^_ r>0 of semigroups homomorphisms 

F E > r : K^ r (A) -> Kj £,heT (B) 

such that for any positive numbers e, e' , r and r' with < e ^ e' < and 
h e r ^ h e ir' , we have 

pe'.r' Q e,e',r,r' _ \e,\e' ,h B r,h s ir' q p e , r 

* J 

If it is not necessary to specify the control pair, we will just say that J 7 is a 
controlled morphism. 

Let A and B be filtered algebras. Then it is straightforward to check that if 
J- : K-i(A) — >• JCj(B) is a (A, /i)-controlled morphism, then there is group homo- 
morphism F : Ki(A) -> Kj(B) uniquely defined by F o i\ r = L f' hcr o F £ ' r . The 
homomorphism F will be called the (A, /i)-controlled homomorphism induced by 
T . A homomorphism F : K^(A) — > Kj(B) is called (A, /i)-controlled if it is induced 
by a (A, /i)-controlled morphism. If we don't need to specify the control pair (A, h), 
we will just say that F is a controlled homomorphism. 

Example 2.2. 

(i) Let A — (A r ) r> o and B = (B r ) r> o be two filtered C* -algebras and let 
f : A — » B be a homomorphism. Assume that there exists d > such 
that f(A r ) C Bjr for all positive r. Then f gives rise to a bunch of semi- 
group homomorphisms (f*' r ■ K £ ' r (A) — > K*' r (B) ) and hence 

to a (1, d)- controlled morphism /* : K*(A) IC*(B). 

(ii) The bunch of semi-group isomorphisms 

(M e / : K E ' r (A) -> K^(IC(H)®A)) 0<£<i r>Q 
of proposition XT. 29\ defines a (1,1) -controlled morphism 
M A ■ tC*(A) -> K,*{K.{U)®A) 

and 

M A X :/C(/C(H)®A)->-/C*(A) 
inducing the Morita equivalence in K-theory. 

If (A, h) and (A', h') are two control pairs, define 

h * ti : (0, -> (0, +oo); e i-> h x , £ h' E . 

Then (XX',h * h!) is a control pair. Let A, B\ and B^ be filtered C*-algebras, let 
i,j and I be in {0,1,*} and let T — (F 6 ' r ) Q<s< ^_ r>Q : fCi(A) — > K.AB\) be a 

(a?, fcjF)-controlled morphism, let Q = (G £ ' r ) 0<e< j_ r>0 : ICj(Bi) — > /Q(I?2) be a 

(ag, fcg)-controlled morphism. ThenC/oJ 7 : JCi(A) — > ?C;(Ba) is the (agap, fcg *A;jf)- 
controlled morphism defined by the family (0 Q tf re >*tf r .= r J 7£ ' r ) 0<c< i r;0 . 
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Remark 2.3. The Morita equivalence for quantitative K -theory is natural, i.e 

M B o / = {Id K (u))®f) ° M A 
for any homomorphism f : A — > B of filtered C* -algebras. 

Notation 2.4. Let A and B be filtered C* -algebras, let (X,h) be a control pair, 
and let T = (F^) ^ : fC t (A) -+ JC 3 {B) (resp. Q = (G^)o<e<^,r>o) ^ 

iaj: 4ag 

a (a jr,kjr)- controlled morphism (resp. a (ag , kg) -controlled morphism). Then we 
write T Q if 

• (dtp, fcjr) ^ (A, h) and (ag, kg) ^ (A, h). 

• for every e in (0, j%) and r > 0, then 

a^e,\e,kjr E r,h £ r I7 , € r ag€,Xe,kg £ r,h s r / ~ 1£ r 
l- • O t ' = L j • :(.-. 

If T and Q arc controlled morphisms such that T ^ Q for a control pair (A, h), 
then T and Q induce the same morphism in i-T-theory. 

Remark 2.5. Let T : IC l (A 2 ) -> Kj(B-C) (resp. T' : Ki{A 2 ) -> K,j(B{)) be a 
(a jr,kjr)- controlled (resp. a (ajr, ,kjr,)- controlled) morphisms andletQ : Kii(A\) — > 
K.i(A 2 ) (resp. Q' : Kj(B\) — > JCi(B 2 )) be a (ag, kg) -controlled (resp. a (agi,kg/)- 

controlled) morphism. Assume that T T' for a control pair (A, h), then 

• Q' o T 9 ~ S Q' o T ; 

( ag X,h*kg) , 

• Toy ~ Toy. 

If i is an element in {0, 1, *} and A a filtered C*-algebra, we denote by Td^^A) 
the controlled morphism induced by Id a- 

Let T : K^At) -> ^/(Bi), T' ': IC 1 (A 2 ) -> /Cj(B 2 ), : -> £,(40 and 

5' : JCi'(Bi) — > JCi(B 2 ) be controlled morphisms and let (A, /i) be a control pair. 
Then the diagram 



Ki{M) — ^(Az) 

is called (A, h)-commutative (or (A, h)-commutes) if Q' o T T' o . 

Definition 2.6. Lef (X,h) be a control pair, and let T : JCi(A) — > JCj(B) be a 
(a jr,kjr) -controlled morphism with (ajr,kjr) < (X,h). 

• T is called left (A, h)-invertible if there exists a controlled morphism 

Q : Kj(B) -> Ki(A) 

such that Q o T Id Ki ^ A )- The controlled morphism Q is then called 

a left (X,h) -inverse for T. Notice that definition of implies that 

(ajrag,kjr * kg) < (A, h). 

• T is called right (X,h)-invertible if there exists a controlled morphism 

Q : Kj(B) -> ld(A) 

such that T oQ ^ ~ ' (s) ■ ^ e controlled morphism Q is then called a 
right (A, h)-inverse for T. 
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• T is called (X,h)-invertible or a (X,h) -isomorphism if there exists a con- 
trolled morphism 

which is a left (X,h)-inverse and a right (X,h)-inverse for J- . The con- 
trolled morphism Q is then called a (A, h) -inverse for J 7 (notice that we 
have in this case necessarily (ctg,kg) ^ (X,h)). 

We can check easily that indeed, if J- is left (A, /i)-invertible and right (A, h)- 
invertible, then there exists a control pair (X',hf) with (A, h) < (A', ft/), depending 
only on (A, h) such that T is (A', ft')-invertible. 

Definition 2.7. Let (X,h) be a control pair and let T : JCi(A) — > JCj(B) be a 
(ajr^kjr)- controlled morphism. 

• T is called (A, h)-injective if (ajr, kjA $C (A, h) and for any < e < jr, any 
r > and any x in K^' r (A), then F e ' r {x) — in K" :F£ ' k ' F ' Er (B) implies 

that i1' Xe ' r ' h ° r (x) = 0in K^' hsr (A); 

• J- is called (X,h)-surjective, if for any < e < , any r > and 

any y in K £ ' r (B), there exists an element x in K* £ '^ r {A) such that 
F Ae,h Ae r (x) = ^.r,*,,*.^^ inK^ Xe ' kr ^ r (B). 

Remark 2.8. 

(i) If J 7 : K\(A) — > ICi(B) is a (A, ft.) -infective controlled morphism. Then 
according to lemma Vl.l6\ there exists a control pair (A' , ft/) with (A, h) $S 
(A', h') depending only on (A, h) such that for any < e < -jjt, any r > 
and any x and x' in K e x ' T (A) , then F e ' r (x) = F £ > r (x') in K^ e ' kT - er '(B) 

implies that e ' r ' sT (x) — i^' A e ' r ' eT (x 1 ) in k\ e ' h ' r (A); 

(ii) It is straightforward to check that if J- is left (X,h)-invertible, then J- is 
(X,h)- infective and that if J 7 is right (X,h)-invertible, then there exists a 
control pair (A' ,h') with (A, h) (X',h'), depending only on (X,h) such 
that J- is (A' ,h')-surjective. 

(hi) On the other hand, if T is (A, h)-injective and (A, h)-surjective, then there 
exists a control pair (X',hf) with (A, ft) $C (X' ,h'), depending only on (A, ft) 
such that J- is a (A', h') -isomorphism. 

2.2. Controlled exact sequences. 

Definition 2.9. Let (A, h) be a control pair, 

• Let T = (F £ ' r ) Q<c< i r>0 : K-i(A) — > fCj(Bi) be a (a hp) -controlled 

morphism, andletQ = (G £ ' r ) 0<£< ^_ r>0 : JCj(B±) — > /C;(i?2) be a(ag,kg)- 

controlled morphism, where i,j and I are in {0,1,*} and A, B\ and B2 
are filtered C* -algebras. Then the composition 

Ki(A) 4 lC^Bx) 4 Ki(B 2 ) 
is said to be (A, h)-exact at K,j(B\) if Q o T = and if for any < e < 
4mm{Aaj a g } > any r > an d an V V * n Kj' T (Bi) such that G £,r (y) = in 
K* ee ' ke " r (B 2 ), th ere exists an element x in K* e * cr (A) such that 

F X£ - h ^ r (x) = L £ ^Xe,r,kr,Mh s r^ 
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• A sequence of controlled morphisms 

■ ■•JC ifc _ 1 (A fc _i) ^ 1 Ki h (A k ) ^ /C. ifc+1 (A fc+ i) '^t 1 JCi k+2 (A k+2 ) ■ ■ ■ 
is called (X,h)-exact if for every k, the composition 

IC^Ak-i) *V IC ik (A k ) 3 K ik+1 (A k+1 ) 
is (A, h)-exact at Ki h (A k ). 

Remark 2.10. If the composition /C,(A) -5 /Ci(i?i) — > /C/(i?2) *s (X,h)-exact, then 
according to lemma [1 . 1 61 i/iere exists a control pair (A',/i') wzi/i (X,h) ^ (A',/i') 
depending only on (A, /i), swc/i £/ia£ /or an!/ < £ < 4 max |v ajr Q, g } » <w&y r > 

any y and y' in , </ien G E ' r (y) — G E ' r (y / ) in K^ 5 ' r ,er (B) implies that 

there exists an element x in 

r a e,n e r^ such that 

3. Extensions of filtered C*-algebras 

The aim of this section is to establish a controlled exact sequence for quantitative 
-ftT-theory with respect to extension of filtered C* -algebras admitting a completely 
positive cross section that preserves the filtration. We also prove that for these 
extensions, the boundary maps are induced by controlled morphisms. As in K- 
theory, one is a map of exponential type and the other is an index type map, and 
the later in turn fits in a long (A, /i)-controlled exact sequence for some universal 
control pair (A, h). 

3.1. Semi-split filtered extensions. Let A be a C*-algebra filtered by (A r ) r> o 
and let J be an ideal of A. Then A/ J is filtered by ((A/ J) r )r>o> where (A/J) r 
is the image of A r under the projection A — > A/ J. Assume that the C*-algebra 
extension 

0^ J ^ A^ A/J ^0 

admits a contractive filtered cross-section s : A/ J — > A, i.e such that s((A/J) r )) C 
A r for any positive number. For any x € J and any number e > there exists 
a positive number r and an element a of A r such that ||a; — a\\ < e. Let us set 
y = a — s o q(a). Then y belongs to A r n J and moreover 

|| y — x\\ = \\a — x + s o q{x — a)|| 

< ||a — x\\ + \\s o q(a - x)\\ 

< ||o-x|| + ||g(a!-o)|| 
sC Is. 

Hence, (A r n J) is dense in J and therefore J is filtered by (A r n J) r >o- 

r>0 

Definition 3.1. Let A be a C* -algebra filtered by (A r ) r> o and let J be an ideal of 
A. The extension of C* -algebras 

0^ J ^ A^ A/ J -> 
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is said to be filtered and semi-split (or a semi-split extension of filtered C* -algebras) 
if there exists a completely positive cross-section 

s : A/ J -> A 

such that 

s((A/J) r )) c A r 

for any number r > 0. Such a cross-section is said to be semi-split and filtered. 

We have the following analogous of the lifting property for unitaries of the neutral 
component. 

Lemma 3.2. There exists a control pair (a e ,k e ) such that for any semi-split ex- 
tension of filtered C* -algebras 

— > J — > A A/ J — > 

with A unital, the following holds: for every positive numbers r and e with e < 
and any s-r-unitary V homotopic to I n in \J n ,r (A/ J), then for some integer j, 
there exists a a e e-k e£ r -unitary W homotopic to I n +j in ^n+j B ' sr {A) an d such 
that \\q(W) - diag(F, < a e e. 

Proof. According to proposition 1 1.311 we can assume that V and I n are connected 
by a C-Lipschitz homotopy (Vt)te[o,X\i f° r some universal constant C. Let t = < 
ti < ■ ■■ < t p = 1 be a partition of [0, 1] such that 1/16C < \U - < 1/8C. 
Then we get that ||T^_ X - V,\\ < 1/8 and hence - 7„|| < 1/2. Let l £ 

be the smallest integer such that J2k^i c +i 2 _fe /fc < e and J2k>i e +i ^°& k ^/kl < £ 
and let us consider the polynomial functions P e (x) — Ylk=o xk /^- an d Qe{x) — 

-T!k=i xk / k - We § et then \\ v *-i v * ~ p e° QeO- ~ K-iV;*)|| < 3e. Choose a 
completely positive section s(A/J) —> A such that s(l) = 1 and let us set W* = 
P £ (s(tQ £ (I n - Vi-iV?))) for t in [0, 1] and i in {1, ...,p}. Since V l - 1 V* is closed 
to the unitary V^iV* (ViV^^i-iV*)^ 1 / 2 , then W\ is uniformly (in t and i) closed 
to expts(\og(Vi~iV* (ViV^^i-iV*)^ 1 / 2 )) which is unitary (the logarithm is well 
defined since Vi- 1 V* (V{ V*_ xV^iV*)- 1 / 2 is closed to I n ) and hence Wj is a ae-2l £ r- 
unitary for some universal a. Hence W} is a ae-2Z e r-unitary in U^' r (j4) homotopic 
to I n and such that ^(W^ 1 ) - V l -\V*\\ < 3ae. If we set now W = W\ ■ ■ ■ and 
since p ^ 16C, then W satisfies the required property. □ 

Lemma 3.3. There exists a control pair (a, k) such that for any semi-split exten- 
sion of filtered C* -algebras — > J — > A — > A/ J — > with A unital, any semi-split 
filtered cross section s : A/ J — » A with s(l) = 1 and any e-r -projection p in A/ J 
with < e < j^, there exists an element y p in Jk cT such that \\ l+y p — e 2j7rs (' £ o(p)) | < 
ae/3. In particular 1 + y p is a ae-k £ r -unitary of J + ; 

Proof. Let l £ be the smallest integer such that 

l=l e +l 
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Let us define z 



p 



a 2nTs(K (p)) 



E 

(=0 



(2iirs(p)) 1 



n 



E 



. Then z p belongs to M n (Ai er ) and we have 



(2ms{p)) 

n 



E 



'2nrs(K (p)Y 



l\ 



X {2ms(p) ) 1 - {2tws(K {p) 1 ) 
1=0 



II 



+ 00 

E 



{2vks{k {p)) 1 



11 



< II s (p) ~ s ( K o(p))||e 



10 



(2e 10 + 1) E . 

If we set y p = z p — s o q(z p ), then z/ p £ M n (J n ^4; e r) and 
Ikp- (l + J/p)ll = 

s$ g (z p - e 2 ""^ 1 
< Ae, 

with A = (2e 10 + 1). Therefore we have \\1 + y p - e 2«"(«o(p))|| < 2 Ae. The end of 

□ 



the statement is then a consequence of lemma 11.71 



3.2. Controlled boundary maps. For any extension — > J — s- A — >• — > 

of C*-algebras we denote by 9j :J 4 : K t (A/J) —> K*(J) the associated (odd degree) 
boundary map. 

Proposition 3.4. There exists a control pair (ax>,fcx>) suc/i that for any semi-split 
extension of filtered C* -algebras 

— ► J — > A A/ J — ► 0, 

i/iere exists a (ap, &/£>)- controlled morphism of odd degree 

Vj, A = (a^) 0<£ ^, r : ma/ j) /c.(j) 

which induces in K -theory dj^A ■ K*(A/ J) — > if* (J). 

Proof. Let s : A/J — > A be a semi-split filtered cross-section. Let us first prove the 

result when A is unital. 

(i) Let p be an element of P 6 ^ 7 ' (A/ J). Then 9j,a([ko(p)]) is the class of 
e 2i7rs(noO)) m Xi(J). Fix a control pair (a, fc) as in lemma [3~3l and pick 
any y p in M n {J kcr ) such that ||l + j/ p -e 2l7rs ( feo (P»|| < oe/3. Then l + y p is 
an ae-k e r- unitary of M n (J + ) 1 and according to lemma ITTTl any two such 
ae-/c e r-unitaries are homotopic in U^ as ' k ' r (J + ). Applying lemma [3~3l to 
A/J[0, 1], we see that the map 

p £ n r (A/j) — ► u^'"(J + ); p ^ i + y P 

preserves homotopics and hence gives rise to a bunch of well defined semi- 
group homomorphism 

d^A ■■ K s - r (A/J) — > *f* e '^(J); [p,I] E , r -> [1 + ypW.fc.r 

which in the even case satisfies the required properties for a controlled 
homomorphism. 
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(ii) In the odd case, we follow the route of [18j Chapter 8]. For any element u 
of \J^ r (A/J), pick any element v in some \Jj' r (A/J) such that diag(w, v) 

is homotopic to I n+ j in U n +j r (A/ J) (we can choose in view of lemma [ITT61 
v = u*). According to lemma [3721 and up to replace v by diag(v,Ik) for 
some integer fc, there exists an element w in U n °[_°?' °' 3eT (A) such that 
||<7(w) — diag(w, v)\\ ^ 3a e e. Let us set x = w di&g(I n ,0)w* . Then x is an 
element in P n +j £ ' e ' 3cr (A) such that \\q(x) — diag(J n ,0)|| < 9a e e. 

Let us set now h = x — diag(/„, 0) — s o q(x — diag(7 n , 0)). Then ft, is a 
self-adjoint element of M 2rl (A4/ Ce 3eI . n J) such that 

||x - diag(/„,0) - h\\ < 9a e e, 
and therefore h + diag(/„,0) belongs to P^ 7 e£ ' 4fcc ' 3eI *( J). Define then 

0j|!t([ u kr) = [^ + dia g( / « 5 °)^]450a ee ,4fc e ,3 E r- 

It is straightforward to check that (compare with [18j Chapter 8]). 

• two choice of elements satisfying the conclusion of lemma l3~2l relativelv 
to diag(w, v) give rise to homotopic elements p^™ ee > 4 e - 3sr ( j) ^ n j s 
is a consequence of lemma 11.71) . 

• Replacing u by diag(w, I m ) and w by diag(u, If.) gives also rise to the 
same element of j^ 450 "^* 4 ^. 3 ^ jy 

Applying now lemma 13721 to the exact sequence 

J[0, 1] A[0, 1] -> A/J[0, 1] 0, 

we get that <9j^([u] e ,r) 

• only depends on the class of it in K\' r (A/ J); 

• does not depend on the choice of v such that diag(it, v) is connected 
to I n+j in JJ^iA/J). 

• If A is not unital, use the exact sequence 

0^ J ^ A^ A/J ^0 
to define dj A as the composition 

K^ r (A/J) A^^(i/J) ^4 fff 0a ' e ' 4 *'' a « r (J) ) 

where the inclusion in the composition is induced by the inclusion A/ J c — >■ 
I/J S 2/ J. 

• Since the set of filtered semi-split cross-section s : A/ J — > A such that 
s((A/J) r ) C A r is convex, the definition of d e j r A actually does not depend 
on the choice of such a section. 

• Using lemma 11.71 it is plain to check that for a suitable control pair 
(a-D,hr>), then T>j a = (dj!it)o<c 1 r ^ s a ( a T>: fcx>)-controlled morphism 

' 4q -e> ' 

inducing the (odd degree) boundary map dj t A '■ K*(A/J) — > A* (J). 

□ 

For a semi-split extension of filtered C* -algebras 

— > J — > A-U A/ J — > 0, 



24 



H. OYONO-OYONO AND G. YU 



we set T>j A : Kq{A/J) — > JCi(J), for the restriction of T>j t A to Kq{A/J) and 
V\ A : Kx(A/J) -t /C (J), for the restriction of V JjA to K\(A/J). 

Remark 3.5. 

(i) Let A and B be two filtered C* -algebras and let <fi : A — > B be a filtered 
homomorphism. Let I and J be respectively ideals in A and B and assume 
that 

' m CJ; 

• there exists semi-split filtered cross-sections s : A/L — > A and s' : 
B/J —} J such that s' o <f> — 4> o s, where <f) : A/I B/J is the 
homomorphism induced by <j), 
then T>j^b ° 4>* — 4>* ° T>i,a- 

(ii) Let — > J — 5- A — '-^ A/ J — > be a split extension of filtered C* - 
algebras, i.e there exists a homomorphism of filtered C* -algebras s : A/ J — > 
A such that q o s = Id A /j. Then we have T>j A = 0. 

For a filtered C* -algebra A, we have defined the suspension and the cone re- 
spectively as SA = Co((0,l),A) and CA = C ((0, 1], A). Then SA and CA are 
filtered C* -algebras and evaluation at the value 1 gives rise to a semi-split filtered 
extension of C* -algebras 

(1) -> SA -> CA -> A -> 

and in the even case, the corresponding boundary 8sa,ca '■ Ko(A) — > K 1 (SA) 
implements the suspension isomorphism and has the following easy description 
when A is unital: if p is a projection, then dsA,CA[p] is the class in Ki(SA) of the 
path of unitaries 

[0, 1] -> U n {A); t^ pe 2nt + 1 - p. 
Let us show that we have an analogous description in term of almost projection. 
Notice that if q is an e-r-projection in A, then 

z q : [0, 1] ->■ A; t ^ qe 2mt + l-q 

is a 5e-r-unitary in SA. Using this, we can define a (5, l)-controlled morphism 
Za = (^A r )o<e<i/20,r>o : ^o(A) -> K,x(SA) in the following way: 

• for any q in P^ r (A) and any integer k let us set 

V q , k : [0, 1] \J 5 n E ' r (SA) : * ^ diag( e - 2fe ^, 1, . . . , 1) • (1 - q + qe 2 ^); 

• define then Z A r ([q, fc] £ ,r) = {V q ,k]5s,r- 

Proposition 3.6. There exists a control pair (X,h) such that for any filtered C* - 
algebra A, then T>qa SA 

Proof. Let [q, k] StT be an element of Kq T (A), with q in P^ r (A) and k integer. We 
can assume without loss of generality that n k. Namely, up to replace n by 2n 
and using a homotopy between diag(g, 0) and diag(0,<7) in P|£(A), we can indeed 
assume that q and diag(7fc, 0) commute. As in the proof of proposition GQJ define l e 
as the smallest integer such that < e. Let us consider the following 

paths in M n (A) 

h 

z : [0, 1]— >M„(A); t M- J^irfa + (1 - t) diag(/ fc> Q)))'/i! 
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and 



z' : [0, 1]— >M n (;4);t ^ exp(2 Z 7rdiag(-tI fe , 0))(1 -9 + e 2mt q). 



Since q and commutes, then 

exp(2i7r(diag(— tlk, 0) + tq)) = cxp(2«7r diag(— tlk, 0)) • exp(2i7rtq) 

and hence 

00 

z(t) = exp(2«7rdiag(-tI fe ,0))exp(2Mrtg) - (2m (tq + (1 - i) diag(4, 0))) l /H 

i=i E +i 

We get therefore 

\\z(t)-z'(t)\\ < e + ||<?e 2iTr * + (1 - q) - ex P 2z7rtg|| 

^ e + 2|| «o(<z) — <z|| + || exp 2iirtno(q) — exp2i7rfg| 

Let us set 

y : [0, 1] : — >M n (A); t ^ z(t) - 1 - (1 - 1) diag(7 fc , 0) £)(2*7r)'/l! - t^(2mg)7Z!. 

z=i Z=l 

For some a s ^ aa, we get then that 1 + y and z' are homotopic elements in 
Un s£ ' k °' EV (SA). Using the semi-split filtered cross-section A — > CA; a n- [t M> ia] 
for the extension of equation (fTJ), we get in view of the proof of proposition 13.41 

age,a a s,kg e r o£.r /r n \ Nil 
H ° ^sU.CmCW' = i 1 + VU s e t kg, s r, 

and thus we deduce 

age,a a e,kg e r a£,r /r y \ r n 

L l ° °SA,CA\l ( ly K \£,r) — [Z \a 3 e,kg tS r- 

We get the result by using a homotopy of unitaries in M n (SA) between 

<^diag(e- 2fc ^,l,...,l) 
and t h-> exp(2«7r diag(— tlk, I n -k))- D 

The inverse of the suspension isomorphism is provided, up to Morita equivalence 
by the Toeplitz extension: let us consider the unilateral shift S on ^ 2 (N), i.c the 
operator defined on the canonical basis (e„) nS N of £ 2 (N) by S(e n ) = e n +i for all 
integer n. Then the Toeplitz algebra T is the C*-subalgebra of L(^ 2 (N)) generated 
by 5. The algebra of compact operators fC(£ 2 (N)) is an ideal of T and we get an 
extension of C* -algebras 

-s- 1C(£ 2 (N)) -^TA C(Si) -> 0, 

called the Toeplitz extension, where Si denote the unit circle. Let us define 7o = 
/9 _1 (Co((0, 1)), where Co(0, 1) is viewed as a subalgebra of C(§i). We obtain then 
an extension of C* -algebras 

-> K(£ 2 (N)) -> To 4 C o (0, 1) -> 0. 

For any C* -algebra A, we can tensorize this exact sequence to obtain an extension 

-> /C(£ 2 (N)) ® A -> To ® A^S'A 
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which is filtered and semi-split when A is a filtered C* -algebra. 
Proposition 3.7. There exists a control pair (A, h) such that 

^K{P{n))®A,To®A ° z a ~ Ma 
for any unital filtered C* -algebra A. 

Proof. Let q be a e-r-projection in M n (A). We can assume indeed without loss of 
generality that n = l.The Toeplitz extension is semi-split by the section induced 
by the completely positive map s : C(§i) — > T; f <-> Mf, where if no stands for 
the projection L 2 (§i) = £ 2 (Z) — > i 2 (N), then Mf is the composition 

Z 2 (N) S i 2 (§i) A L 2 (Si) ^ l 2 (N), 

(/• being the pointwise multiplication by /). Notice first that 1_ J» S ) is a 
unitary lift of Si — > M2(C); z t— > diag(z,z) in M2(7~) under the homomorphism 
induced by p : T — > C(§i). Under the section induced by s, we see that z g lifts to 
1 ® (1 — g) + S 1 ® q, and hence 

is a lift in U2 e ' r (7o <8> -A) of diag(z g , z*). Since ||g(l — </)|| < e, we see that 
PU* diag(l, 0)W is closed to 

S* 0\ A 0\ l-SS*\ „ 2 ■ A o 



i — .s-.s- 5/ isi o; lo s* j~ q + (o oJ® (1 9) 

Hence, W* diag(l, 0)W is an element of Pl° £ ' 2r (%(^A) which is closed to diag(l, (1— 
SS*) ®q). Since 

M A ([q, 0] e , r ) = [diag(0, (1 - SS*) ® g )] e , r , 
we get the existence of a positive real at such that the proposition holds. □ 

3.3. Long exact sequence. We follow the route of |18[ Sections 6.3, 7.1 and 
8.2] to state for semi-split extensions of filtered C*-algebras (A, /i)-exact long exact 
sequences in quantitative X-theory, for some universal control pair (X,h). 

Proposition 3.8. There exists a control pair (A, h) such that for any semi-split 
extension of filtered C* -algebras 

0^ J ^ A^ A/J 

the composition 

/C*(J) H tC*(A) ^ K*(A/J) 

is (X,h)-exact at K.*(A). 

Proof. We can assume without loss of generality that A is unital. In the even 
case, let y be an element of K £ ' r (A) such that q*(y) — in K e ' r (A/ 'J), let e be 
an e-r-projection in M n (A) and let I be a positive integer such that y = [e,k] £tr . 
Up to stabilization, we can assume that k n and that g(e) is homotopic to 
Pk = diag(lfc,0) as an e-r-projection in M n (A/J). According to corollary 11.321 
there exists up to stabilization a a h£-kh, s r- unitary W of M n {A/J) such that 

\\Wq(e)W* - Pk \\ ^a h e. 
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The 3a s £-2fc/ i!£ r-unitary diag(W / , W*) of M2n(A/J) is homotopic to hn- Let choose 
as in lemma T3.21 a control pair (a, I), an integer j and a as-l e r- unitary V of 
M2n+j(A) such that 

\\q(V)-diag(W,W*,I k+j )\\ ^ae. 

If we set e' = Fdiag(e, 0)1^*, then e' is a 4ae-2/ e r-projection in M2 n +j(A). If 
s : A/J — > A is a semi-split filtered cross-section such that s(l) = 1, define / = 
e' — s o q(e! — diag(/„, 0)). We see that / belongs to M2 n +j(J + ) and moreover, 
since ||/ — e'|| ^ (4a + oth)s, then according to lemma [T771 / is for a suitable A a 
Ae-2Z e r-projection of M2 n +k(J + ) homotopic to e'. Then x = [/, k]\ £> 2i e r defines a 
class in K^ 6 ' 21 ^ ( J). As in the proof of (ii) of lemma ll.Sl we can choose A big enough 
so that diag(e', hn+j) and diag(e, 0, hn+j) are homotopic Ae-2fcft, jE r-projections of 
M2n{A) and hence we get the result in the even case. 

For the odd case, let y be an element in K[' r (A) such that q* (y) = in K\ ,r (Aj J) 
and let us choose an e-r-unitary V in some M n (A) such that y = [V] e ,r- In view 
of lemma 13.21 and up to enlarge the size of the matrix V , we can assume that 
||?(V) — g( W) | j ^ a e e with W a a e e-fc eie r-unitary of M n (A) homotopic to I n . 
Hence W*V and V are homotopic 3a e e-(k ey£ + l)r-unitary of M n (A). If we set 

U = W*V + s o q(I n - W*V), 
then the coefficients of the matrix U — I n lie in J. Moreover, since 

\\U-W*V\\ (2a e + l)e, 
we obtain that U is a Xe-(l £ + I)r-unitary for some A ^ 1. Hence, x = \U\\ £) (k c e +i)r 
defines a class in x^ £, '" k '"' c+1 ^ r [J) with the required property. □ 

Proposition 3.9. There exists a control pair (A, h) such that for any semi-split 
extension of filtered C* -algebras 

— > J A — A/ J — > 0, 

the composition 

Ki(A) ^ Ki{A/J) % A /C (J) 
is (X,h)-exact at K,i{A/ J). 

Proof. We can assume without loss of generality that A is unital. Let y be an 
element of K{' r (A/J) such that d E / A (y) = in K^ ae ' ka ^ r (A/ J) and let U be an 
e-r-unitary of M n (A/J) such that y = [U] £ . r . With notation of lemma I3~2l let j be 
an integer and W be a 3a e e-2fc ei 3 £ r-unitary in M2„+j(A) such that 

\\q(W) - diag(U, U*,Ij)\\^ as. 

Set x = W diag(/ n , 0)W* and h = x — diag(/„, 0) — so q(x — diag(/„, 0) as in the 
proof of proposition l3.4l Since d E j' r A (y) — 0, we can up to take a larger n assume that 

h + diag(/ n , 0) is homotopic to diag(J„, 0) as an aue-fc-p^r-projection of M2„+j( J). 
Since x is close to h + di&g(I n , 0), we get from corollarv lI.32l that up to take a larger 
j, there exists for a control pair (a, I), depending only on the control pairs (ah, kh) 
and (ax>,fcx>) of corollary 11.321 and lemma [3T31 an ae-Z 6 r-unitary V' in M2 n +j(J) 
such that 

\Wdi&g(I n ,0)W* -V'di&g(I n ,0)V'*\\ s; as. 
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Then V = p J (V , )V , ~ 1 W* is a 10(a + a e )e-(l £ + fc e , £ )r-unitary in M 2n+j (A) such 
that 

\\q(V)-di ag (U,U* 7 I 3 )\\^ae. 
Since for a suitable constant a' depending only on a we have 

||pj(V") diag(J„, 0)pj(V) -diag(J n , 0)|| < a'e, 

we obtain that 

||Udiag(/ n ,0)U* -diag(/ n ,0)|| < a"e 

and 

diag(/„, 0)V - diag(7„, 0)|| < a"e 

for some constant a" depending only on a' that we can choose indeed larger than 
(10a + a e ). Hence the n x n-left upper corner X of V is a a"e-(l £ + Z £ )r-unitary in 
M„ (A) such that \\q(X) - U\\ < a"e. Hence we get the result. □ 

Proposition 3.10. There exists a control pair (X,h) such that for any semi-split 
extension of filtered C* -algebras 

— > J A -^-> A/J — > 0, 

f/ie composition 

K, X {A/J) % A Ko(J) 4 fco(4) 

is (X,h)-exact in K.q(J). 

Proof. It is enough to prove the result for A unital. Let ?/ be an element of Kq' t (J) 
such that jl' r {y) — in Kq T {A), let e be an e-r-projection in M n (J + ) and fc be 
a positive integer such that y — [e, fc] £jr . If we set pk = diag(7fc,0), we can indeed 
assume without loss of generality that \\q(e) — pu\\ ^ 2e (where J + is viewed as a 
subalgebra of A). Up to stabilization, we can also assume that e is homotopic to 
Pk as an e-r-projection in M n (A). According to corollary 11.321 there exists up to 
stabilization a a/jE-fc^^r-unitary W of M n (A) such that 

\\e-Wp k W*\\ ^a h e. 

Up to replace n by 2n, W by diag(M / , VF*) and e by diag(e, 0), we can assume that 
W is a 3a/ 1 e-2A;? lje r- unitary homotopic to /„. Since 

\\q(W) Pk q(W*)-Pk\\ < ||g(W)Pfc«(W*)-flf(c)|| + ||flf(e)-pfc|| 
< (2 + a ft )e, 

then 

||?(W*)p fc9 (W)-pfc|| < (2 + 4a h )e. 

Hence for an a' > 1 depending only on ah, the left-up n x n corner V\ and the 
right bottom corner V2 of q(W) are a'e-2fc ei£ r-unitaries of M n (A/J) such that 

||«(W)?(W*)-diag(Vi,K2)diag(Vi,K2)*|| < (a h + a')e 

and 

\\q(W*)q(W) - diag(7i, U 2 )* diag(7i, U 2 )|| < K + o>- 

Hence <z(W0 is close to diag(Vi, V2) and hence there is a A > 1 depending only on 
a e such that as a Ae-2fc/ lj£ r-unitary of M n (A/J), then diag(Vi,V2) is homotopic 
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to qiW) and hence to I n . We can indeed choose A big enough such that if we set 
X = [Vi]xe,2k e<s r, then 

e.r.Xe ,2k e E r / \ 

□ 

From propositions 13.81 [3791 and [37T0l we can derive the analogue of the long exact 
sequence in ^-theory. 

Theorem 3.11. There exists a control pair (X,h) such that for any semi-split 
extension of filtered C* -algebras 

0^ J ^ A^ A/J ^0, 

the sequence 

Ki(J) ^ K,i{A) ^ K X {A/J) ^4 /C (J) Ka(A) K (A/J) 
is (A, h)- exact. 

As a consequence, using the exact sequence 
(2) -> SA -> CA -> A -> 0, 

and in view of lemma 11.271 and point (iii) of remark 12.81 we deduce in the setting 
of the semigroup Kt' 1 (•) the analogue of the suspension isomorphism in X-theory. 

Corollary 3.12. Let T)\ = T> SA CA : JC\(A) — > ICq(SA) be the controlled boundary 
morphism associated to the semi-split and filtered extension of equation (0) for a 
filtered C* -algebra A. 

• There exists a control pair (X,h) such that for any filtered C* -algebra A, 
then T>\ is (X,h)-invertible. 

• Moreover, we can choose a (A, h) -inverse which is natural: there exists a 
control pair {ap, kp) and for any filtered C* -algebra A a (A, h)- controlled 
morphism B A — (j3 £ / r ) 0<£< ^_ r>0 : ICo(SA) — !• K-i(A) which is an (X,h)- 

inverse for T>\ and such that B° B ° fs = f B A for any homomorphism 
f : A — > B of filtered C* -algebras, where fs ■ SA — > SB is the suspension 
of the homomorphism f . 

3.4. The mapping cones. We end this section by proving that the mapping cones 
construction can be performed in the framework of quantitative X-theory. Let 

be a filtered semi-split extension of C* -algebras. Let us set A/J[0, 1) = Co([0, 1),A/J) 
and define the mapping cone of q: 

C q = {(a;, /) G A ® A/J[0, 1); such that /(0) = q(x)}. 

Using a semi-split filtered cross-section for q, we see that C q is filtered by 

(C q n(A r ®A/J[0,l)) r ) r>0 . 

Let us set 

e q : J — > C q ; x H> (x, 0) 
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and 

^ :SA/J^C q ; /->(0,/). 
We have then a semi-split extension of filtered C* -algebras 

04J^C,^A/J[0,1)4 0, 
where TT2 is the projection on the second factor of A © A/J[0, 1). 

Lemma 3.13. There exists a control pair (\,h) such that e 9i * is (X,h)-invertible 
for any semi-split extension of filtered C* -algebras — > J — > A A A/ J — > 0. 

Proof. The even case is a consequence of theorem 13.111 We deduce the odd case 
from the even one using corollary |3.12l □ 

It is a standard fact in if -theory that the boundary of an extension of C* -algebras 
-)• J -> A A A/ J -> can be obtain using the equality 

e g ,* ° <9j,a = <^ 9) * o d A/J , 

where 8a/j = 8sa/j,ca/j stands for the boundary map of the extension 

-> CA/J -> A/ J -> 

(corresponding to the evaluation at 1). We have a similar result in quantitative 
if-theory: 

Lemma 3.14. With above notations, we have e q ,» o = o T>a/j, where 

V A /j stands for V s a/, j, c A/, J- 

Proof. We can assume without loss of generality that A is unital. Let us fix a 
semi-split filtered cross-section s : A/J^ A such that s(l) = 1. Let p be an e-r 
projection in A/ J. Using the notations of the proof of proposition 13. 3[ define for t 
in [0, 1] 

_ ^ {2mts{p)) 1 - t{2m) l s(p l ) . 

• x t - 2^ jj in a; 

^ ((2ett(1 - rx)t + <r)p)' - ((1 - a)t + q)(2z^)' 

• ft ■ [0, 1J y A/ J . o i— > 2^ Tj ■ 

1=1 

Then, (1 + (yt, ft))te[o.i] is a path of ae-k £ r unitary in C q with xq = and /i = 0. 
Moreover, 

• xi belongs to J and satisfies the conclusion of lemma 13.31 starting from 
the e-r-projection p and with respect to the semi-split extension of filtered 
C*-algebras — > J — > ^4 A A/ J — > and to the semi-split filtered cross- 
section s; 

• /o belongs to SAj J and satisfies the conclusion of lemma [3~3l starting from 
the e-r-projection p and with respect to the semi-split extension of filtered 
C*-algebras — > SA/J — > CA/J— >A/J — > corresponding to evaluation 
at 1 and to the semi-split filtered cross-section A/J\-+ CAJ J;oh> [i i-> io]. 

Hence, following the construction of proposition 13.41 in the even case, we obtain 
that e 9i » o Dja and o P^/j coincide on K,q{A/ J). 

Let us check now the odd case. Let u be an e-r-unitary in M n (A/J). Pick 
any e-r-unitary in some Mj(A/J) such that diag(it,i>) is homotopic to I n +j in 
U^!|lj- r (A/J). According to lemma l3~2| and up to replace v by diag(w, 7fc) for some 
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integer k, there exists an element w in U n "^ e ' c ' 3cT (A) homotopic to I n +j & s a 3a e e- 
2fc e ,3 e r-unitary and such that ||q(u>) — diag(u, w)|| ^ 3a e e. Let (wt)te[o,i] be a path 
in ^n+j' 2 e ' 3sr (A) with w Q = I n+J and w% — w and set y t = q(w t ) diag(7„, Q)q(w*). 
As in the proof of proposition l3.4[ we see that yt is an element in P*^ ee ' 4fee ' 3er (A/ J) 
such that — diag(7 n ,0)|| < 9a e e. Define 

g : [0, 1] -> M n+i (A/J); t ^ y t - diag(7 n , 0) - %i - diag(7 n , 0)). 

Then 5 + diag(7„,0) is the element of P 42 | ^ ce ' 4fec-3Er (,S' + J 4/ J) that we get from u 
and u when we perform the construction of proposition 13.41 in the odd case with 
respect to the extension — > SA/J — > CA/J A/ J — s- 0. Let us set now 
x t = Wt diag(7 n) 0)wt and h t — x t — diag(7 n ,0) — ts o q(xi — diag(7 n ,Q)) for t 
in [0,1]. Then diag(J n ,0) + h t belongs to P 1 **? e,4ke ' 3er (A) and diag(7„,0) + hi 

is the element of P 42 |^° e,4 ' £e ' 3er ( J) that we get from u and v when we perform 
the construction of proposition 13.41 in the odd case with respect to the extension 
O^J^AA A/ J 0. Eventually, if we define 

77 t : [0, 1] M n+j (A/J); a h> g(i- a )t+ a , 

then ((h t ,H t ) + diag(7„, 0)) tg[0 a] is a homotopy in P*^ e ' 4 e ' 3er ((7+) between ((0,g) + diag(7„, 0)) 
and ((hi, 0) + diag(7„, 0)). Thus we obtain the result in the odd case. 

□ 



As a consequence, we get that the controlled suspension morphism is compatible 
with the controlled boundary maps. 

Proposition 3.15. There exists a control pair (X,h) such that for any semi-split 
extension of filtered C* -algebras — > J — > A — > A/ J 0, the following diagrams 
are (X,h)- commutative: 

K. (A/J) — ^> K,i(SA/J) 



v., 



/Ci(J) 



T>SJ,SA 



IC (SJ) 



and 



JCi(A/J) 



IC (J) 



' A/ J 



> K (SA/J) 



Ki(SJ) 



where T>j and T> A /j stands respectively for the controlled suspension morphisms 
T3sj,cj and T) SA / JCA /j. 

Proof. Let q s : SA — > SA/J the suspension of the homomorphism q : A — » A/ J. 
Applying lemma l3~T4l to the extensions ^ J -> A ->• A/ J -> and -> 5 J -> 
5 A — » SA/J — > and using the naturality of controlled boundary maps mentioned 
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in remark [3. 5 1 we get 

Zq B ,* ° ^>SJ,SA ° T^A/J = 4>qs,*°' D SA/J oT) A/J 
= T^SC q ° <j>q,* ° T^A/J 

= r Dsc q ° e q ,* ° T>j,a 
The proposition is then a consequence of lemma 13.131 

□ 

4. Controlled Bott periodicity 

The aim of this section is to prove that there exists a control pair (A, h) such that 

given a filtered C*-algebra A, then Bott periodicity K (A) ^ K (S 2 A) is induced 
in ^-theory by a (A, ^-isomorphism /Co (A) — > K,q(S 2 A). As an application, we use 
the controlled boundary morphism of proposition 13.41 to close the controlled exact 
sequence of 13.111 into a six-term (A, /i)-exact sequence for some universal control 
pair (A, h). This will be achieved by using the full power of _ftTii"-theory. 

4.1. Tensorization in KK-theory. Let A be a C*-algebra and let B be a C*- 

algebra filtered by (B r ) r> o. Within all this section, we will assume for sake of 
simplicity that B r is closed for every positive number r (which is the case for Roe 
algebras and crossed product algebras). Let us define A®B r as the closure in the 
spatial tensor product A<EiB of the algebraic tensor product of A and B r . Then the 
C*-algebra A<8>B is filtered by (A(g)B r ) r> Q. Moreover, if J is a semi-split ideal of 
A, i.e — s- J — > A — >• Aj J —> is a semi-split extension of C* algebras, then 

-> J®B -> A<E>B -> A/J®B -> 

is a semi-split extension of filtered C*-algebras. Recall from [IT] that for C*- 
algebras A±, A 2 and D, G. Kasparov defined a tensorization map 

t d ■ KK*(A 1 ,A 2 ) -> KK t {A 1 ®D,A 2 ®D) 

in the following way: let z be an element in K K*(A\, A 2 ) represented by a if-cycle 
(it, T, £), where 

• £ is a right ^-Hilbcrt module; 

• 7r is a representation of A\ into the algebra L(£ ) of adjointable operators 
of £■ 

• T is a self-adjoint operator on £ satisfying the if-cycle conditions, i.e. 
[T, 7r(o)], 7r(o)(T 2 — Ids) are compact operators on £ for any a in A±. 

Thenr D (z) € KK*(Ax®D, A 2 ®D) is represented by the fsT-cycle {-K®Id D ,T®Id D ,£®D). 

In what follows, we show that if A\ and A 2 are C*-algebras, if B is a fil- 
tered C*-algebra and if z is an element in KK*{A\, A 2 ), then the homomorphism 
K*(Ai<E)B) — > K*(A 2 ®B) provided by left multiplication by tb(z) is induced by a 
controlled morphism. Moreover, we have some compatibility results with respect 
to Kasparov product. As an outcome, we obtain a controlled version of the Bott 
periodicity that induces in X-theory the Bott periodicity. 

Proposition 4.1. Let A\ and A 2 be C* -algebras, let B be a filtered C* -algebra 
and let z be an element in KK\(A\, A 2 ). Then there exists an (ap,fcc)- controlled 
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morphism 

T B {z) = (T £ B r (z)) 0<E< ^_ r>Q : /C*(A l( g>P) -)■ /C*(A 2 (g>P) 
0/ degree 1 inducing in K -theory the right multiplication by tb(z). 

Proof. Recall that z can be indeed represented by a odd A\- ^-if-cycle (71", T, H(&A 2 ), 
where "H is a separable Hilbert space, ir is a representation of Ai in the algebra 
L(%(S)yl 2 ) of adjointable operators of W®A 2 and T is a self-adjoint operator in 
L{H®A 2 ) satisfying the K-cycle conditions. Let us set P B = Id ^2®B+T®id B ^ 
ttb = it®Id B and define the C*-algebra 

S (7r ' T) = {(x,y) G Ax®B C{U®A 2 ®B) such that P B -ir B {x)-P B -y G /C(H)<g)A 2 ®P}. 

Since Pb has no propagation, the C*-algebra £K 7r - T ) is filtered by (-Er )r>o with 

£^ T ) = P B • tt b {x) -P B + y);xe A^B,, and y G ® A 2 <g>P r }. 
The extension of filtered C* -algebras 

(3) — > /C(-H) <g> A 2 ®P — -> P>< T > — > Ax ® B — > 

is semi-split by the cross-section 

s : -> P (7r ' T) ; as i-» (x,P fl ■ ir B (x) ■ P B ). 

Let us show that the associated controlled boundary (degree one) map 

^(m) 8 a 28 b,£(^) : K,.*{Ax®B) -> K,*{K{H)®A 2 ®B) 

only depends on the class 2 of (tt,T,H <E> A 2 ) in KKi(Ai, A 2 ). Assume that 
(tt,T,H <E) A 2 [0, 1]) is a Ai-A 2 [0, 1]-K -cycle providing a homotopy between two 
Ai-^-if-cycles (tt , T , % (g> A 2 ) and (7Ti,Ti,^ ® A 2 ). For i e [0, 1] we denote by 

• : A 2 [0, 1] — > A 2 the evaluation at t; 

• F t G £(ft ® A 2 ) the fiber at i of an operator F G £(% ® A 2 [0, 1]); 

• 7Tt : A\ — > £("H ® A 2 ) the representation induced by 7r at the fiber i; 

• s t : A 2 ®P -> E^< T ^; x ^ [x,P t , B • 7T t)B (a:) • P,b) (with P = ^±1); 

Then the homomorphism E^' T ^ — > fi'*'' 3 '"; (a;, y) (x,yt) satisfies the con- 
ditions of remark I3~5l (with s : A 2 ®B -» E^'^; x 1— > (x,P B ■ 7r B (a;) • Pb) and 
s t : A 2 ®P -> E^' T ^) and thus we get that 

(^K(w) <&et®Id B )* 'Dk(-h)®a 1 i»b[o,i},e^. t ) = ^(-H)®Ai®B,E(ft.n)i 
and according to lemma 11.271 we deduce that 

^ > /C('H)(g>Ai<g>B 2 ,EC' r a.To) = £>K('H)<g>Ai<g>B,EC'U. r O • 

This shows that for a Ai-A 2 -i4f-cycle (ir,T,'H (g> A 2 ), then 'P > kch)®a 1 ®b,e^- t ) de- 
pends only on the class z of (71", T, % £§> A 2 ) in KKi(Ai, A 2 ). Finally we define 

7b (*) = (T B r (z)) 0<e< _L_ = -A^A2®B V K.{H)® A&B^'T) , 

where 

• (7r,T, %®A 2 ) is any Ai-A^if-cycles representing z; 

• .Ma2®b is the Morita equivalence (see example \2.2\ . 
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The result then follows from the observation that up to the Morita equivalence 
K*{K,{%) ® A 2 ®B) 4 K m (A 2 ®B), 

the boundary 9k(W»Ai«b,e(*' t ) corresponding to the exact sequence ([3]) is induced 
by right multiplication by tb(z). □ 

Remark 4.2. Let B be a filtered C* -algebra. 

(i) For any C* -algebras A\ and A 2 and any elements z and z' in KK\(A\, A 2 ) 
then 

Tb(z + z')=Tb(z)+T b (z'). 

(ii) Let — > J — > A — > A/ J — > be a semi-split extension of filtered C* - 
algebras and let be the element of KK\{Aj J, J) that implements the 
boundary map dj t A- Then we have 

TB{[dj,A\) = 'Dj®b,A®B- 

(hi) For any C* -algebras A\, A 2 and D and any K-cycle (jr, T, W®A%) for 
KK\(Ai : A 2 ), we have a natural identification between E^ d ' Td ^ and E^' T ^® 
Hence, for any element z in KK\(A\, A 2 ) then Tb(td{z)) = Tb®d{z). 

For a a filtered C*-algebra B and a homomorphism / : A\ — > A 2 of C*-algebras, 
we set fs ■ Ai<E)B — > A 2 <EiB for the filtered homomorphism induced by /. 

Proposition 4.3. Let B be a filtered C* -algebra and let A\ and A 2 be two C* - 
algebras. 

(i) For any C* -algebra A' l7 any homomorphism of C* -algebras f : Ax A[ 
and any z in KKi(A[, A 2 ), we have Tb(/*(.z)) = Tb{z) ° /b.*; 

(ii) For any C* -algebra A' 2 , any homomorphism of C* -algebras g : A 2 — > A' 2 
and any z in KK\{A\, A 2 ), we have Ts(g*(z)) = gs .* ° Tb{z). 

Proof. 

(i) Let A\ be a filtered C* -algebra, let / : A\ — > A\ be a homomorphism of 
C*-algebras and let (n,T,H <g> A 2 ) be an odd A\-A 2 -K -cycle. With the 
notations of the proof of proposition 14.11 the homomorphism 

fits in the commutative diagram 
> JC{U)®A 2 ®B > E f '^ > A X ®B > 



> JC{U)®A 2 ®B > E^> T *> ► A[®B > 

Moreover fs and f E intertwines the semi-split and filtered cross-sections 
Ai®B -> Ef'^^; x ^ (x,P B ■ ttb o f B {x) ■ P B ) 

and 

A&B-tE^W; x^ (x,P b -wb(x)-P b ) 
and thus, we get by remark f3.5l that 

T B {r(z)) = T B (z)of t 
for all z in KK^A'^A^. 
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(ii) Let A' 2 be a C* -algebra and let g : A 2 — > A' 2 be a homomorphism of 
C*-algebras. For any element F in £(7i © A2), let us denote by 

F = F® A Jd A , 2 e © A 2 ®a 2 A' 2 ). 

Notice that H © A 2 (E>a 2 A 2 can be viewed as a right A 2 -Hilbert-submodule 
of T-L®A' 2 and under this identification, for any F in JC(H) © A 2 , then F is 
the restriction to A 2 ® a 2 A' 2 of the homomorphism {Idtz(H)®g){F). Let 
z be an element of KK\(Ai, A 2 ) represented by a X-cycle (ir,T,W®A 2 ). 
Consider the A^A^K-cycle (tt', T , U'®A 2 ) with W = U x © © H 3 , 
where Hi, H2 and % 3 are three copies of "H, 7r' = 0©0©7r and T' = 
Id-H 1 ®A 2 © Id-H 2 ®A 2 © 7 1 . Then {it' ,T' ,W ®A 2 ) is again a K-cycle repre- 
senting z and is represented by the i^-cycle (tt" ,T" ,£), where 

• S = Hi ®A 2 0K 2 <g> Aa©%®A 2 M2i 

• tt" = © © tt; 

• T" = ®Tdu 2 ®A' 2 © T. 

Using Kasparov stabilization theorem, we get that T-L 2 ®A' 2 Hs©^©^^ 
is isomorphic as a right- A 2 -Hilbert module to H © A' 2 and hence, using this 
identification, we can represent g*(z) using a standard right- A 2 -Hillbert 
module, as in the proof of proposition 14. II Then, under the above identi- 
fication H2 © A' 2 n 3 © A 2 ©a 2 A 2 = n © A' 2 , 

^ (a?,Pg7r /, (a?)Pg + (Jd x:(w08B (8fl)(i/-i^7r / (x)i^)) 

restricts to a homomorphism K,(Hi®H 2 ®U3)(3A 2 <g)B -t K(Hi@H)®A' 2 ®B. 
We get now a commutative diagram 

► /C(-Hi © H 2 © H 3 ) © A 2 ®B > E^'' T '^ > Ai®B > 

> K(U 1 ®U)®A' 2 ®B > E^"^'") ► A^B > 

Hence, we get by remark [5751 that 

'®K.('H)®A 2 ®B,Ei 1 '" • T " ) = 9 E >* °'^ > K.(U)®A 2 (g > B,E^'- T "i- 

But the restriction of g E to the corner K.(Hi)®A 2 <5§B of the C*-algebra 
1C{H\®'H 2 ®'H 3 )®A 2 ®B is Idjcnix)®9®IdB- Since the Morita equivalence 

M A ' 2 ®b ■ 1C*{A' 2 ®B) 4 K,*{K.{Ux © U)®A' 2 ®B) 

can be implemented by an inclusion of A' 2 ®B in a corner of £("Hi)©yl 2 ©-B, 
and similarly for the Morita equivalence 

M A2 ®b ■ K*(A 2 ©£) ^ K*QCCHi ®U 2 ® H 3 )©A 2 ©B), 
we deduce that the two following compositions coincide: 

/C,(A 2 <E>B)) 9 -^4 K,*(A' 2 ®B) K.*{K.{Mi®H)®(A' 2 ®B)) 
and 

JC, (A 2 ®B) M ^ B K* (1C(Hi ®H 2 ® H 3 )®A 2 ®B) 



<JE 



> k;*(k;(Hi®h)®a 2 ®b). 
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Hence we get 

T B {g*(z)) = g*oT B {z) 
for any z in KK\{A\,A2). 

□ 

Let us now extend the definition of Tb to the even case. Consider for a suit- 
able control pair (agjfcg) an d an Y filtered C*-algebra A the (ag, fcg)-controlled 
morphism of odd degree Ba ■ /C* (SA) — ► /C* (A) defined 

• by B A on /Co(SA) as in corollary 13. 121 

• by MT A X o 2?K;(£ 2 (N))(g) J 4,ro«)A on /Ci(5A) using the Toeplitz extension 

-> /C(^ 2 (N)) ® A -> To ® A^S*A -> 

(see the discussion at the end of section l3T2|) . 
Then, according to corollary 13.121 and proposition 13.71 there exists a control pair 
(A, h) such that Ba is a right (A, h)-'mveise for T>sa,ca for any filtered C*-algebra 
A. Let us set aj- — Aag and kj- = ft, * fcg . 

Now, let £? be a filtered C*-algebra, let A\ and A 2 be C*-algebras, then define 
for any z in KKq{A\, A2) the (ax, kx)-coTitro\\eA morphism 

T B (z) = (Tjf) Q<e< 1 , r>0 : -> K.(i4 2 ®fl) 



by 

where 



Tb(z)=Ba 2 ®b °Tb(z (S)A 2 [Ba 2 



• [8a 2 ] = [9sa 2 ,ca 2 ] € Ifif i(v42,Sv42) corresponds to the boundary of the 
exact sequence — > 5A 2 — > CA 2 — > ^4 — > 0; 

• ®a 2 stands for Kasparov product. 

Up to compose on the left with ^o £ ! a T e . f r i rf^ we can j n ^g ^ cage dggng 
Tb(») also as an (af, fc7-)-controlled morphism. 

Theorem 4.4. Lei £? 6e a filtered C* -algebra, let A\ and A2 be C* -algebras 

(i) For any element z in KK*(Ai, A 2 ), thenTB(z) ■ K* (A\®B) —> /C* (A 2 ®B) 
is a (0:7-, kj-)- controlled morphism with same degree as z that induces in 
K -theory right multiplication by tb(z). 

(ii) For any elements z and z' in KK*(Ai, A2) then 

Tb{z + z')=Tb{z)+Tb{z). 

(iii) Let A\ be a filtered C* -algebras and let f : A\ — > A[ be a homomorphism 
of C* -algebras, then Tg(/*(2)) = Tb{z) ° /s,* for all z in KK ir (A' 1 ,A2). 

(iv) Let A' 2 be a C* -algebra and let g : A' 2 — > A2 be a homomorphism of C* - 
bras then Tb{9*{z)) = gB,* Tb{z) for any z in KK*(A\, A 2 ). 



(v) T B ([Id Al ]) {aT ~ T Zd Kt{Al ® B) . 

(vi) For any C* -algebra D and any element z in KK Sr (A\, A2), wehaveTB{TD{z)) 
Tb®d{z). 

Proof. Since Ba 2 ®b is a right (A, /i)-inverse for T> sa 2 ®b,ca 2 ®b, it induces in K- 
theory a right inverse (indeed an inverse) for the (degree 1) boundary map 

d S A 2 ®B,cA 2 ®B ■ K*(A 2 ®B) K*(SA 2 ®B). 
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But since TB{z®A 2 [dsA 2 ®B,CA 2 ®B\) induces in if-theory right multiplication by 
z<S>A 2 [dsA 2 ®B,cA 2 ®B], we eventually get that Tb(z i S>a 2 [0sa 2 <»b,ca 2 »b]) induced in 
if-theory the composition 

T- r I t ,-,\ ®A-,®B t b(z) dsA 2 t3B,CA 2 ®B , . _ N 

K^Axt&B) — > K„(A 2 <giB) — s- K*{SA 2 ®B) 

and hence we get the first point. 

Point (ii) is a consequence of remark 14.21 Point (iii) is a consequence of 
proposition H31 Point (iv) is a consequence of proposition 14.31 and of the naturality 
of B, (see remark 15751 and corollary I3.12p . point (v) holds by definition of B,. Point 
(vi) is a consequence of point (iii) of remark [4. 2 1 □ 

We end this section by proving the compatibility of Tb with Kasparov product. 

Theorem 4.5. There exists a control pair (A, h) such that the following holds : 

let Ai, A 2 and A% be C* -algebras and let B be a filtered C* -algebra. Then for 
any z in KK*(A%, A 2 ) and any z' in KK* (A 2 , A3 ) , we have 

Tb(z®a 2 z') {X ^ ] Tb{z')oTb{z). 

Proof. We first deal with the case z even. According to [HI Lemma 1.6.9], there 
exists a C* -algebra A4 and homomorphisms 6 : A4 — > A\ and 77 : A4 — > A 2 such 
that 

• the element [0] of KK*(A4, A\) induced by is invertiblc. 
. z = V 4{9}- 1 ). 

Since #*([#] ~ 1 ) = [/t^J in KK*{Ax, A\), we get in view of remark l2~5l and of points 
(iii) , (iv) and (v) of theorem 14.41 that 

Tb{z®a 2 z') (A ^' l) Tb(6*(z® A2 z')) o Tb^]- 1 ), 

with (A, h) = (aj-,kj- * k-f). But by bi-functoriality of i^if-theory, we have 
0*(z®a 2 z') = rj*(z') and then the result is a consequence of points (iii) and (iv) 
of theorem 14.41 We can proceed similarly when z' is even. Let us prove now the 
result when z and z' are odd. Then [8a 2 ] = [dsA 2 ,CA 2 ] is an invertible element 
in KK\{A 2 , SA 2 ) and z®a 2 z' = z®a 2 [dA 2 ]®SA 2 [dA 2 \~ 1 ®A 2 z l and hence using the 
even case, we get that 

(4) Tb{z®a 2 z') T B ([& la ]- 1 <8U a *') oT B {z®A 2 [dA 2 \). 
But 

TB([dA 2 ]~ 1 ®A 2 z') = Ba 3 ®B °TB{[dA 2 }~ 1 ®A 2 z'®A 3 [dA 3 }) 

(5) (A ^ } Ba 3 ®b Tb(z'®a 3 [ 9 a 3 ]) o Tb([9 j 4 2 ] _1 ) 

for some control pair (A', h'), depending only on (A, h) and (07-, kf), where equation 
([5j) holds by the even case applied to z'®a 3 [9a 3 ] and [<9a 2 ] _1 - Hence, for a control 
pair (A", /i")-depending only on (X,h), we get applying the even case to [c^] -1 
and z®a 2 [9a 2 } that 

(6) Tb{z®a 2 z') {X ~ } Ba 3 ®b °TB(z'®A 3 [dA 3 }) °Tb{z). 

In view of this equation, we deduce the odd case from the controlled Bott period- 
icity, which will be proved in the next lemma: if we set [d] = [<9c (o.i),Co(o,i]] G 
KKi(C,Cq(Q,1)), then there exists a controlled (a, A;) such that Tkdc?]"" 1 ) is an 
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(a, fc)-inverse for Da for any filtered C*-algebra A. Indeed, from this claim and 
since for some control pair (a' , k'), the (ae, /cg)-controlled morphism Ba is for every 
filtered C* -algebra A a right (a', fc')-inverse for Ta ([d]), we get that 

Ta([9]- x ) ^ B A 

for some controlled pair (a" , k") depending only on (a', k') and (a-f, kf). Noticing 
by using point (vi) of theorem 14.41 that 7a 3 «ib([9] _1 ) = Tb([9a 3 ] _1 ), the proof of 
the theorem in the odd case is then by equation ^ a consequence of the even case 
applied to [c^] -1 and z'®a 3 [9a 3 ] □ 

4.2. The controlled Bott isomorphism. We prove in this subsection a con- 
trolled version of Bott periodicity. The proof use the even case of theorem 14.51 and 
is needed for the proof of the odd case. Let A — (^4 r ) r >o be a filtered C*-algebra 
and let us assume that A r is closed for every positive number r. Let us denote for 
short as before T> sa ,ca by T>a and [<9sa,cm] by [8a] for any filtered C*-algebra A 
and let us set [d] = [dc]- 

Theorem 4.6. There exists a control pair (a,k) such that for every filtered C*- 
algebra A, then Ta{W\~ 1 ) is an (a, k)-inverse for T>a- 

Proof. Consider the even element z = [d]® s [d s ] of KK*(C, S 2 ), where S = C (0, 1) 
and iS* 2 = SS. The lemma is a consequence of the following claim: there exists a 

control pair (A, h) such that V S a ° T>a Ta{z) f° r anv C*-algebra A. Before 
proving the claim, let us see how it implies the lemma. Notice first that by point 
(ii) of remark T4.21 we have T>a = Ta ([<?]). Since by associativity of Kasparov 
product [9] _1 ®c z = [ds], we get from theorem 14.51 applied to the even case, that 
there exists a control pair (A', h') such that for any filtered C*-algebra A, then 

Ta{z) o 7a([9] _1 ) o T>a *~ T>sa ° T>A- Using the claim and since z is an invertible 
element of KK*(C, S 2 ), we obtain from theorem 14.51 applied to the even case that 
there exists a control pair (a, k) such that Ta {[d]^ 1 ) is a left (a, /c)-inverse for T>a- 
Using associativity of the Kasparov product, we see that [d] = z®$ 2 [ds] -1 - Then 
applying twice theorem 14.51 on one hand to [d]^ 1 and z®$ 2 \ds\~ 1 and on the other 
hand to [<9] -1 <g>z and [<9s] -1 , we get that there exists a control pair [a 1 ,k') such 

that Ta([9]) o 7a([9] _1 ) ^ TsA([d] -1 ) o Tsa([9]). But according to what we 
have seen before, TsA{[d] -1 ) o Tsa{[9]) Id K ^ SA )- 

Let us now prove the claim. It is known that up to Morita equivalence, [c^i] -1 is 
the element of KK±(SA, A) corresponding to the boundary element of the Toeplitz 
extension 

-> /C(£ 2 (N)) ® A -> To ® A-+SA -> 0. 

Let us respectively denote by V { \ : K. {A) -> Ki(SA) and V\ : K, X {A) -> JC {SA) 
the restriction of T>a to ICo(A) and fCi(A). According to proposition 13.71 there 
exists a control pair (A', h') such that, on even elements 

(7) TAm-^oV^'^ld^Ay 

Since [ds] — [d]~ 1 ®z, we get by left composition by Ta(z) in equation ([7]) and by us- 
ing theorem l4.5l in the even case that there exists a control pair (A, h) depending only 

on (A', h') and such that that V SA °V\ (A ~ ) T%{z) (here T%(z) : JC (A) -> JC (S 2 A) 
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stands for the restriction of Ta{z) to Ko(A)). For the odd case, we know from 
corollarv l3. 121 that there exists a control pair (A", h") such that Dg 2A : JCi(S 2 A) — > 
K. (S 3 A) is (A", /i")-invertible. Using the previous case, and since by associativity 
of the Kasparov product, we have [dA]®sA T SA{ z ) = T A{ z )®[ds 2 A\, we get by ap- 
plying twice theorem 14.51 in the even case that there exists a control pair (A'", h'") 

such that V\^ A oV% A oV\ pi 2A oTi(z), where Tj(z) : K X {A) -> ld(S 2 A) 

is the restriction of Ta(z) to K X {A). Since V\^ A : K X {S 2 A) -> /C (S 3 A) is (X",h")- 
invertible, we get the result by remark [2.51 □ 

4.3. The six term (A, ft,)-exact sequence. Recall from proposition 13.151 that 
there exists a control pair (A, h) such that for any semi-split extension of filtered C*- 
algebras — > J — > A —> A/ J —> 0, the following diagrams are (A, /i)-commutative: 

K (A/J) -^^> K x {SAjJ) 



T>J,A 



and 



£i(J) — K (SJ) 



ACi(A/J) — ^> IC (SA/J) 



T>J,A 



Ko{J) — Ki(SJ) 
As a consequence, by using theorem 14.61 and proposition 13 . 1 H we get 

Theorem 4.7. There exists a control pair (A, h) such that for any semi-split ex- 
tension of filtered C* -algebras 

— > J -A A -i* A/ J — > 0, 

wii/i A r closed for every positive number r, then the following six-term sequence is 
(A, h)-exact 

/C (J) /C (A) — ^ AC (A/J) 



Kx{A/J) Kx(A) /Ci(J) 

Remark 4.8. Le£ us consider with notations of section \3.4\ the semi-split extension 
of filtered C* -algebras 

(8) -> SA/J ^ C, 4 A -> 0, 

where m : C q — > A is £/ie projection on the first factor of C q . Since we have a 
semi-split extension of filtered algebras — > J — % C q A/J[0, 1) — » 0, and since 
A/ J[0, 1) is a contractible filtered C* -algebra, we see in view of theorem \4- 7| i/ia£ 
e^.* : /C*(J) — > /C*(C g ) is a controlled isomorphism. It is then plain to check that 
up to the controlled isomorphism e^* and ~Da/j '■ fC»{SA/J) — > K.*(A/J), we get 
from the semi-split extension of filtered C* -algebras of equation J3p (Jor a possibly 
different control pair) the controlled six-term exact sequence of theorem \4-T\ 

If we apply theorem 14.71 to a filtered and split extension, we get: 
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Corollary 4.9. There exists a control pair (X,h) such that for every split extension 
of filtered C* -algebra —>,/—> A — > A/ J — > 0, with A r closed for every positive 
number r and any filtered split cross-section s : A/ J — > A, then 

JC^J) K^A/J) — ► /C.(A); ^ j,(a;) + 

is (A, h)-invertible. 

5. Quantitative X-theory for crossed product C7*-algebras 

In this section, we study quantitative JC-theory for crossed product C* -algebras 
and discuss its applications to il-amenability. 

Let r be a finitely generated group. A r-C*-algebra is a separable C*-algebra 
equipped with an action of T by automorphisms. Recall that the convolution alge- 
bra C c (r, A) of finitely supported A-valued functions on T admits two canonical C*- 
completions, the reduced crossed product A» rec iT and the maximal crossed product 
Ax mai r. Moreover, there is a canonical epimorphism Xr,A ■ A>t max T — » Ax rec [T 
which is the identity on C C (T, A). 

5.1. Lengths and propagation. Recall that a length on V is a map I : T — > M + 

such that 

• ^(7) = if and only if 7 is the identity element e of T; 

• ^(77') < ^(7) + ^(V) for all element 7 and 7' of T. 

• %)=*(7 _1 ). 

In what follows, we will assume that £ is a word length arising from a finite generat- 
ing symmetric set S, i.e ^(7) = inf{d such that 7 = 71 • • • 7d with 71, . . . , 7d in S}. 
Let us denote by B(e,r) the ball centered at the neutral element of T with radius 
r, i.e B(e,r) = {7 G T such that £(7) ^ r}. For any positive number r, we set 

(Ayi red T) r ={f e C c (r,A) with support in B(e,r)}. 

Then the C*-algebra Ayi re dT is filtered by ((Ay\ re dT) r )r>v- In the same way, 
setting (A^mnJ)^!/ 6 C c (r, A) with support in B(e,r)}, then the C*-algebra 
AXmaxT is filtered by ((Ax) ma:c r) r ) r >o (notice that as sets, (Axi re dr) r = (Ax maa: r) r ) 
It is straightforward to check that two word lengths give rise for Ays re dT (resp. for 
Axi max T) to quantitative iC-theories related by a (1, decontrolled isomorphism for 
a constant c. 

For a homomorphism / : A — >• £> of r-C*-algebras, we denote respectively by 
/r, re rf : ^Xredr -> 5 xi red r and fr, ma x ■ Ax max T -> Bx max T the homomorphisms 
respectively induced by / on the reduced and on the maximal crossed product. 

For any semi-split extension of r-C*-algebras — > J A — ^ A/ J — > 0, we 
have semi-split extensions of filtered C* -algebras 

— > Jx re dT 3T ^ d ^x rerf r q ^ d A/jxi red r — > 

and 

> J M max Y - > Ay\ max T — > Aj J x ma2; r > 
and hence, by theorem 14. 7\ we get: 
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Proposition 5.1. There exists a control pair (X,h) such that for any semi-split 
extension of T-C* -algebras 

— > J -A A -i* A/ J — > 0, 

£/ie following six-term sequences are (A, h)-exact 

1C Q {J ) ,re '"> /c (Ax re(i r) ,re '"> /c (A/jx re(i r) 

^Ci(A/jx red r) ( gr - red< /Ci(Ax re(i r) ' r - redt /d(jx red r) 

and 

^o(^^maxr) 3r '" lt " *> fC (Ayi max T) qr ' ma *-~ } K, Q {A/Jyi max T) 

fj»„ d r,jK m i,,r J ^JXlmaxT.AXjnaxr 

/Ci(A/jx moa! r) < gr ?Ci(Ax maa: r) ■ f^'"""" /Ci(jx max r) 

5.2. Kasparov transformation. In this subsection we see how a slight modifica- 
tion of the argument used in section 14.11 allowed to define a controlled version of 
the Kasparov transformation compatible with Kasparov product. 

Notice first that every element z of KKl(A, B) can be represented by a JC-cycle, 
(7r,T,K® B), where 

• % is a separable Hilbert space; 

• the right Hilbert B-module T-L <g> B is acted upon by L; 

• 7r is an equivariant representation of A in the algebra L(H®B) of ad- 
jointable operators on H <E> B; 

• T is a self-adjoint operator on "H(g)P> satisfying the if-cycle conditions, i.e. 
[T,7r(a)], ?r(a)(T 2 -ld n ® B ) and 7r(a)(7(T) — T) belongs to K{H)®B, for 
every a in A and 7 G L. 

Let Tr = T <E>b ^<isx re<i r be the adjointable element of (H <E) B) <E>b Bxi re dT = 
"H ® -Bx re( ;r induced by T and let irr be the representation of Ay> re dT in the 
algebra C(H®By\ re dT) of adjointable operators of 'H®B>i re dT induced by 7r. Then 
(irr,Tr,'H <£> B~x re dT) is a AXredL-PXredL-iT-cycle and the Kasparov transform 
[IT] of z is the class J^ ed (z) of this if-cycle in KK^(Ax\ red T, Bx\ red T). In the odd 
case, let us set P = Idw ^ B+T . Then P induces an adjointable operator P r = 
P (E>B^d B -x red r of (H ® B) ® B B» red T = %® Bx red T. Let us define 

E^' T) = G A-x red T@C{U®BK red T) such that P r -7r r (x)-P r -t/ G /C(K)®Bx r 

Since Pr has no propagation, the C*-algebra E^' T ^ is filtered by (£ , r' r ' T ' > )r>o with 

£^< T) = {(x, P r ■ 7r r (a;) ■ P r + y); a: G (Ax red L) r and y G JC(H) ® (Px red L) r }. 
The extension of C* -algebras 

— ► /C(-H) ® Px red L — ► P (7r ' T) — ► Ax red L — > 
is filtered semi-split by the cross-section 

x 1 y (x, P r • 7r r (a;) • Pr). 

Let us show that T)^- H ^ B>lrt!drE (7,,T) only depends on the class of (jr, T,"H®> B) in 
KK\(A,B). Assume that (n,T,H <g> P[0, 1]) is a L-equivariant A-P[0, l]-if-cycle 
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providing a homotopy between two T-equivariant A-B-K-cycles (ttq, To^H® B) and 
(wi,Ti, H <g> B). For t e [0, 1] we denote by 

• e t : B[0, l}x\ red T — > B>o red T the evaluation at t; 

• F t £ C{l-L®Byi red T) the fiber at t of an operator F E C{H®B[Q, l]x red r); 

• 7rr,t the representation of A x red T induced by 7rr at the fiber t; 

• s t : A^r-jfiM); x^ (x,P r ,f7rr,fPr,t) (with P = £±I) ; 
Then the homomorphism E^' T ^ — > £ , ( 7r ^ T *); (a;, y) (x,yt) satisfies the con- 
ditions of remark 1331 (with s : A~A red T — > E^' 7 "^; x H> (x, Pr • 7r r (x) • P r ) and 
s t : A "Ared T —¥ E^ 1 '^) and thus we get that 

and according to lemma 11.271 we deduce that 

'^ > K('H)®B^ T(sd V,E^o- T o) = ^ ) K:(«)(»Sxi rc£i r,£;(' r i' T i) ■ 

This shows that for a T-equivariant A-B-K-cycles (tt, T, H<S>B), then 'Djc(H)®Bvi rtd T _b(" t ) 
depends only on the class z of (tt, T,%®E) in if iff (A, B). Eventually, if we define 

Jr ed ( z ) = -Wflli^r ° ' D ic{'H)®B>i r e d r,E(T. T h 

where 

• (%, T,H <E) B) is any T-equivariant A-B-K-cycles representing z; 

• Msx re4 r is the Morita equivalence (see example l2.2p . 
we get as in section 14.11 

Proposition 5.2. Let A and B be T-C* -algebras. Then for any element z of 
KK\{A,B), there is a odd degree (cxT>,kj))- controlled morphism 

Jp d {z) = (4 ed ' £ ' r (z)) <e<^ r>0 ■ x red T) ->■ /C.(Bx r(aJ r) 

such that 

(i) Jr ed ( x ) Educes in K-theory the right multiplication by J£ ed (z); 

(ii) J£ ed is additive, i.e 

J{ ed (z + z 1 ) = Jp d (z) + Jr re V)- 

(iii) Let A' be a T-C* -algebra and let f : A —> A' be a homomorphism T-C*- 
algebras, then 

jF d ir{z)) = jp d {z)of T>red ^ 

for any z in KK\{A! B). 

(iv) Let B' be a T-C* -algebra and let g : B — > B' be a homomorphism of 
T-C* -algebras, then 

jr d (g*(z))^gr^oj^ d (z) 

for any z in KK\ (A, B). 

(v) If 

0^ J ^ A^ A/J ^0 

is a semi-split exact sequence of T-C* -algebras, let [6j : a] be the element of 
KK\ (A/ J, J) that implements the boundary map dj t A- Then we have 

Jp {[d JiA ]) = Vj Ari!d r tA>)rrdr . 
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We can now define J^ ed for even element in the following way. Set aj — aq-ax> 
and fcy = kr*kv. If A and B are T-C*-algebra and if z is an element in KKq (A, B), 
then we set with notation of section |4~T1 

dcf. 



SB J 



According to theorem l4.6[ there exists a control pair (A, h) such that for any T-C*- 
algebra A, then J£ ed {[Id,A\) ~ 2dtc r (Ax red r)- Up to compose with L ^ e - a ^ £ - k ' D ^' r - k ^^ r ; 
we can assume indeed that l 7f ed (») is also, in the odd case a (aj, fcj^-controlled 
morphism. As for theorem 14.41 we get. 



Theorem 5.3. Let A and B be T-C* -algebras. 

(i) For any element z of KK^(A,B), then 

Jf ed (z):JC,(Ax red r) ->AC„(£xi red r) 

is a (a j, kj)- controlled morphism of same degree as z that induces in 
K -theory right multiplication by Jf ed (z). 

(ii) For any z and z' in KK^(A,B), then 

J£ ed (z + z') = J£ ed {z) + Jp d {z'). 

(hi) For any T-C* -algebra A' , any homomorphism f : A —¥ A' of T-C* -algebras 
and any z in KK^(A',B), then J{ ed (f*(z)) = Jp d (z) o f T< „. 

(iv) For any T-C* -algebra B 1 , any homomorphism g : B — > B' of T-C* -algebras 
and any z in KK^(A, B), then J{ ed (g*{z)) = 5r> o Jp d {z). 

Using the same argument as in the proof of theorem 14. 5[ we see that J£ ed is 
compatible with Kasparov products. 

Theorem 5.4. There exists a control pair (A, h) such that the following holds: 
for every T-C* -algebras A, B and D, any elements z in KK^(A,B) and z' in 
KKl{B,D), then 

Jf ed (z ® B z') {X £ ] jp d {z') o J^ d {z). 
We can perform a similar construction for maximal cross products. 

Theorem 5.5. Let A and B be T-C* -algebras. 

(i) For any element z of KK^(A,B), there exists a (a j ,kj)- controlled mor- 
phism 

j™*{z) = (J™ ax,£ ' r (^)) < £ <^ r : M^>wr) -> JC*(Bx max r) 

with same degree as z that induces in K-theory right multiplication by 
jp ax (z) and such that \ r , B ,« ° J^ ax {z) = Jp d (z) o Xr,A,*- 

(ii) For any z and z' in KK^(A,B), then 

J^ ax {z + z') = J^ ax {z) + j£ lax (z'). 

(hi) For any T-C* -algebra A' , any homomorphism f : A — > A' of T-C* -algebras 
and any z in KK*(A' t B), then J^ ax {f*{z)) = J™ ax (z) o / r , moa> *. 

(iv) For any T-C* -algebra B' , any homomorphism g : B — » B' of T-C* -algebras 
and any z in KK*(A, B), then J^ ax {g^{z)) = gr, max ,* ° J{ nax {z). 
Moreover, there exists a controlled pair (A, h) such that, 

• for any T algebra A, then J™ ax ([Ld A }) ld K ^ A - Ama:cT) ; 
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• For any semi-split extension of T algebras — > J — > A — > A/ J — > 0, then 

Theorem 5.6. There exists a control pair (A, h) such that the following holds: 
for every T-C* -algebras A, B and D, any elements z in KK^(A,B) and z' in 
KKj-(B,D), then 

J^ ax {z ® B z') (A ^ } J™ ax {z') o J™ ax (z). 

5.3. Application to if-amenability. The original definition of if-amenability is 
due to J. Cuntz [6]. For our purpose, it is more convenient to use the equivalent 
definition given by P. Julg and A. Valette in [TP] . If T is a discrete group, let us 
denote by lr the class in KKq(C, C) of the if -cycle (Idc, 0, C), where C is provided 
with the trivial action on T. 

Definition 5.7. Let T be a discrete group. Then T is K-amenable if lr can be 
represented by a K -cycle such that the action of T on the underlying Hilbert space 
is weakly contained in the regular representation. 

(The previous definition indeed also makes sense for locally compact groups.) 

Example 5.8. Amenable groups are obviously K-amenable. Typical example on 
non-amenable K-amenable groups are free groups [6]. More generally, J. L. Tu 
proved in |17j that group which satisfies the strong Baum-Connes conjecture (i.e 
with 7=1,) are K-amenable. Examples of such group are groups with the Haagerup 
property [8] and fundamental groups of compact and oriented 3-manifolds [13j . 

For a r-C*-algebra B and an element T of L("H(g)i3), where H is a separable 
Hilbert space, let us set T r , max = T® B IdByi ma:c r and T T ^ red = T® B IdByi rei r- If 
A is a r-C*-algebra and tt : A — > L(H<E)B) is a T-equivariant representation, let 
KT,red ■ Ax red T L(/H<g)B x> re dT) and ir r , max ■ A» max T -!• L(H®B-x max Y) be 
respectively the reduced and the maximal representation induced by 7r. Then, we 
have the following (compare with the proof of (TUJ proposition 3.4]). 

Proposition 5.9. Let T be a K-amenable discrete group and let A and B be T- 
C* -algebras. Then any elements of KK^ (A, B) can be represented by a K-cycle 
(tv,T,'H^>B) such that the homomorphism irr.max ■ A» max T L(fH<g)B><i max T) 
factorises through the homomorphism Xt,a ■ A» max T — ¥ Ax re dT, i.e there exists a 
homomorphism 

Kr,red,max ■ A>4 re dT — > L[H®B X max^) 

such that 

Ttr,max — Ttr,red,max ° Ar.A- 

As a consequence, for any T-C* -algebra A, then 

Ar.A,* : K"* {A x ma x r) -> K*(A* red r) 

is an isomorphism [6] . 

We have the following analogous result for quantitative if -theory. 
Theorem 5.10. There exists a control pair (A, /i) such that 
Xr,A,* ■ fC*(Ax max T) — > /C*(j4x ree jr) 
is a (A, h) -isomorphism for every T-C* -algebra A. 
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Proof. Let (it, T, H&SA) be a L-equivariant if-cycle as in proposition 15.91 repre- 
senting the element [Oa] of KKf (A, SA) corresponding to the extension 

-> SA -> CA -> A -> 0. 

Let then choose 7r r ,A,red,max : Ax red L L(%<g>i?xi max r) such that 7r r , ma z = 
nr, red,max ° ^r,A- Let us set P = T+Id £®sA an( j t j ien define 

E { r lp = {(x, y) e Axi red r 8 £("W ® 5Ax red r) such that 

Pr,red ■ ^r,red(x) • pRred ~ 2/ S /C(K) ® SAx^L}, 

^maP = {(^y) e Ax max r e £(ft <g> s,4x roax r) such that 

Pr .max ' .max 

(x) ■ P r 

.max y G JC(H) <g> SAx 

mux r} 

and 

E lld\Lx = {( x > V) ^Ax red T £(« ® 5Ax max r) such that 

Pr,max ' ^T,red,max{x) • Pr ,max ~ V € /C(/H) ® Ax max L} 

ThenP^P^aP and E^eAmax are respectively filtered by 

{(x, Pr,red ■ nT,red(x) ■ Pr,red + y); x G Ax red T r and 2/ G JC(H) <g> SAy\ red T r }, 

{(x, Pr.max ■K T ,max{x) • Pr,max + y); x G SAx max T r and y G fC(H) ® SAM max r r } 
and 

{(*, Pr .max ' ^F.red.max (%)■ Pr,max+y); x G Ax red L r and y G /C(%)® S^4>4 mox r r }. 
Moreover, the extension of C*-algebras 

— > /C(K) ® SAx red L — > P^ T) — > Ax red L — > 0, 

— ► /C(H) ® S^x mQX L — ► P^ — > 4x roax r — > 

and 

— > /C(-H) ® SAx max L — > P^ QX — > A» red T — > 

provided by the projection on the first factor are respectively semi-split by the 
filtered cross-sections 

Sred ■ Ay\ red T -> P;^ J ; a; i-> (x,P r ,red • ^r,red{x) ■ Pr,red), 

Smax • A^ max Y y Pmax^ ! *^ ' ^ (x : Pr.max ' ^T.max(x) ' Pr .max) 

and 

Sred.max ■ ^^re^T ^ E max^ ' ^ ' ^ (x^Pr.max ' ,red,max(x) ' Pr .max) ■ 

Let us set 

A ! ^ma? -> : 0=»1/) ^ ( A E,A,* (*), J/) 

and 

/a : E< fed T l a x -> E rlP : (i.^ix-.rWA.^r). 
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The the three above extensions fit in a commutative diagram 











-I 

-> IC(H)®SAx max T 



^r,/c(w)«SA 



K(H)®SAx red r 



4 

red.max 







-> 



/2 



0,T) 



which satisfy the conditions of remark 
hence we deduce 



relatively to s re d, s 



> Ax, 



-> 



and s re d/, 



and 



(9) V 

and 
(10) 

Let us set then 



K(-H)(g>SAx r 



° Aa,: 



;v ,H)®SA,r,* oT> ic(u)®sa», 



V 



K(H)®SAx r e d r,E). 



V' A =M 



SA-A, 



E l SAx, 



(x,t) : tC*(Ax\ rei iT) -t IC*(SAxi max r). 



Since we have by definition of the quantitative Kasparov transformation the equal- 
ities 

Jv^ d {[d A ])=M- s 1 A ^ dT oV SA ^ 

and 



Jv,max{[dA]) = M\ 



we deduce by using equations © and (flu]) , theorems 15.31 15.51 15.41 and 15.61 and 
naturality of Morita equivalence, that there exists a control pair (A, h) such that 
Jr,tnoi([^] _1 ) ° V' A is a (a, /i)-inverse for Ar,A,*- □ 

6. The quantitative Baum-Connes conjecture 

In this section, we formulate a quantitative version for the Baum-Connes con- 
jecture and we prove it for a large class of groups. 

6.1. The Rips complex. Let T be a finitely generated group equipped with a 
lenght i arising from a finite and symmetric generating set. Recall that for any 
positive number d, then the d-Rips complex PdfT) is the set of finitely supported 
probability measures on L with support of diameter less than d for the distance 
induced by I. We equip -Prf(r) with the distance induced by the norm \\h\\ = 
sup{ ||/i(7) ||; 7 € L} for h G Co(r,C). Since £ is a proper function, i.e. B(e,r) 
is finite for every positive number r, we see that Pd(T) is a finite dimension and 
locally finite simplicial complexe and the action of L by left translations is simplicial, 
proper and cocompact. Let us denote by 

• Vd{T) the closed subset of elements of Pd(T) with support in B(e, d). 

• WdiX) the closed subset of elements of Pd(T) with support in B(e, 2d); 
Then Vd(T) is a compact subset of Wd(r) and contains a fundamental domain for 
the action of T on Pd (L) . 



Lemma 6.1. The compact Vd(T) is contained in the interior ofWd(T). 
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Proof. Let h be an element in V d (T) and choose an element 7 in B(e, d) such that 
^1(7) > 0. Then if g is an element of -Pd(r) such that \\g — h\\ < h(j), we get that 
5(7) 7^ an d thus every element 7' of the support of g satisfies ^(7 _1 7') < d. Hence 
g belongs to W d (T). □ 

Lemma 6.2. There is a continuous function <f> : P d (T) [0, 1] compactly supported 
in W d (T) such that 

£7(0 = 1. 

Proof. Let if) : Pd(T) — > [0,1] a continuous function compactly supported in the 
interior of Wd(r) and such that ip(x) — 1 if x belongs to V d (T). Since V^(r) contains 
a fundamental domain for the action of T on Pd(T), we get that X^gr ''Piix) > 
for all a; in P d (T) (notice that the sum X) 7 gr^(T x ) * s l° ca Uy finite). We define 
then (f>(x) = y.^4>(ix) for any x in ^( r )- U 
Let us define sr,d as the cardinality of the finite set 

{7 g r such that ~/W d (r) n w d (r) ^ 0}. 

Then for any function <j> as in lemma HT2| the function 

e : r -> Co(P d (r)); 7 £ 1/2 7 (0 1/2 ) 

is a projection of Co(-Pd(T)) Xre^r with propagation less than sr,d- Moreover, since 
the set of function satisfying the condition of lemma 15721 is an affine space, we get 
that for any positive number e and r with e < 1/4 and r sr,d, the class 

[e*,o] e , r g x £ '''(c (p rf (r))x rerf r) 

does not depend on the chosen function (f>. Let us set then rr, d , s = ^j,e/aj s r,d- 
Recall that k j can be chosen non increasing and in this case, rr,d,e is non decreasing 
in d and non increasing in e. 

Definition 6.3. For any T-C* -algebra A and any positive numbers e, r and d with 
e < 1/4 and r T,<i,e; we define the quantitative assembly map 

^X*-KKl(C (P d (T)),A) K^ r (Ax red T) 



- (J r - 



Then according to theorem 15.31 the map Mr"l ^ s a homomorphism of groups 
(resp. semi-groups) in even (resp. odd) degree. For any positive numbers d and d' 
such that d < d' , we denote by : Co(Pd'(r)) — » Co(Pd(T)) the homomorphism 
induced by the restriction from P d '(T) to P d (T). It is straightforward to check 
that if d, d' and r are positive numbers such that d cf and r 5* T,<i',e, then 
/ i r'A d = Mr a Qd.d',*- Moreover, for every positive numbers e, e', d, r and r' such 
that e < e' ^ 1/4, rr, d , e ^ r, rr,d,e' ^ r ' , and r < r' , we get by definition of a 
controlled morphism that 

e.e' .r.r' e.r.d s' ,r' -d 
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Furthermore, the quantitative assembly maps are natural in the r-C*-algebra, i.e. 
if A and B are r-C*-algebras and if <f> ■ A — > B is a T-equivariant homomorphism, 
then 

/ E,r,d e,r,d i 

<PT,red,*,e,r ° Mr, A,* ~ ,B ,* ° @* 

for every positive numbers r and e with r ^ rY,d,e and e < 1/4. These quantitative 
assembly maps are related to the usual assembly maps in the following way: recall 
from [2] that there is a bunch of assembly maps with coefficients in a r-C*-algebra 
A defined by 

^r,A,*-KKl{C (P d {T)),A) -> K,(Ax> red T) 

z h> M ®c (P d (r))xr ^r(z). 

For every positive numbers r and e with r ^ rr.d.e and e < 1/4, we have 

(12) 4' r °M r ;A d *=Mr,^- 

Recall that since a *° Qd,d',* — Mr a * f° r au positive numbers d and d! with 
d ^ d', the family of assembly maps (/ip A)d>0 gives rise to a homomorphism 

/ir.A.* : lim KKl(C (Pd(T)), A) — ► if* (A x red r) 
called the Baum-Connes assembly map. 

6.2. Quantitative statements. Let us consider for a r-C*-algebra A and positive 
numbers d,d' ,r,r' ,e and e' with d ^ d', e' ^ e < 1/4, rr,d, e ^5 r and r' ^ r the 
following statements: 

QIr,A,*(d, df, r, e): for any element x in K iff (Co (Pz(r)), A), then H^f* ( x ) 
in if^ r (A x red T) implies that q£ d ,(x) = in if iff (C (P d '(r))', A). 

QSr,A,*(d, ?*, r', e, e'): for every y in if* ' r (A x re( f T), there exists an element 
x in ififf (C (Pd(r)), A) such that 

M r ;i^) = 4 WV (2/)- 
Using equation (fT2|) and remark 11.181 we get 

Proposition 6.4. Assume that for all positive number d there exists a positive 
number e with e < 1/4 for which the following holds: 

for any positive number r with r rj?,d,e> there exists a positive number d! with 
d' ^ d such that QIr,A(d, d', r, e) is satisfied. 

Then nv,A,* is one-to-one. 

We can also easily prove the following: 

Proposition 6.5. Assume that there exists a positive number e' with sf < 1/4 such 
that the following holds: 

for any positive number r' , there exist positive numbers e, d and r with e' ^ e < 
1/4, fT,d,e ^ T and r' ^ r such that QSr,A(d, r, r', e, e') is true. 

TTien //r,A,* 2s onto. 

The following results provide numerous examples of finitely generated groups 
that satisfy the quantitative statements. 
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Theorem 6.6. Let A be a T-C* -algebra. Then the following assertions are equiv- 
alent: 

(i) fir,£°°(N,ic(n)®A),* is one-to-one, 

(ii) For any positive numbers d, e and r rr, d ,e with e < 1/4 and r ^ rr,d, 
there exists a positive number d' with d' d for which QlY.A(d,d' ,r,e) is 
satisfied. 

Proof. Assume that condition (ii) holds. 

Let x be an element in some KKl(Co(Pd(T)),£°°(N,JC(H) ® A)) such that 

/ i r,.«°°(N,AC(«)®.A),*( a: ) = 0- 

Using equation ((T2j) , we get that t* ,r (/if ^ * d (a0) = for any e' in (0, 1/4) and 
f' ^v,d.e' and hence, by remark 11.181 we can find e and r > rr.d,e such that 
^'"("(NKlwigA) = R ecau from [T3J Proposition 3.4] that we have an iso- 
morphism 

(13) KK^C (P d (T)),e°°(N,lC(n) ® A)) A A'K r (C (P d (r)), A) N 
induced on the j th factor and up to the Morita equivalence 

AA r (C (P d (r)), A) S AA r (Q,(P d (F)),/C(H) ® A) 

by the j th projection £°°(N,/C(W) ® A) -> /C(%) ® A. Let (xi) ieN be the ele- 
ment of AAq (Co(Pd(r)), A) N corresponding to a; under this identification and let 
d' 55 d be a number such that QLY,A{d,d' ,r,e) holds. Naturality of the quanti- 
tative assembly maps implies that fj^ r At: (xi) = and hence that qd, d ',*(%i) = 
in KK^ (Co(Pd' (r)), A) for every integer i. Using once again the isomorphism of 
equation flT3]), we get that q d ,d>,*{ x ) = in KK+{Co{Pdi (L)), (N, /C("H) ® A) and 
hence Mr,^»(N,JC(H)<g>A),* is one-to-one. 

Let us prove the converse in the even case, the odd case being similar. As- 
sume that there exists positive numbers d, e and r with e < 1/4 and r ^ ?*r,<2,e 
and such that for all d' ^ d, the condition QIr : A{d,d' ,r,e) does not hold. Let us 
prove that ^r,i°°(N,/CCH)(»A),* is not one-to-one. Let (dj)jgN be an increasing and 
unbounded sequence of positive numbers such that di ^ d for all integer i. For all 
integer i, let Xj be an element in KK\ (Cq{P^{T)), A) such that \(xi) = in 
A (A x red F) and qd,di,*{xi) ^ in AAq (C (Pdi (r)), A). Let x be the element of 
AAj(C (Pd(L)),£ oo (N,/C('H) A)) corresponding to (x l ) l<£N under the identifica- 
tion of equation (I13[) . Let (pi)igN be a family of e-r-projections, with pi in some 

Mi t (A X) re d F) and n an integer such that 

/V,/~(N,/C(«)i»A),*( x ) = [(P«)<eN>"]e,r 

in Ao' r (£ 00 (N,/C('H) <g> A)x rerJ L). By naturality of Mrf.f*) we § ct that [Pi,«kr = 
in Kq T (A x red F) for all integer i. We see by using proposition 11.311 that then 
t* r ([(Pt)teN,n]) = in A (^ oo (N, /C(K) ® A)x red L). We eventually obtain that 
/Up A (x) — t*' r o (Up'^ (x) = 0. Since q d ,di,*(x) ^ for every integer i, we get that 
WV°°(N,K(?0®A),* is not one-to-one. □ 

Theorem 6.7. There exists A > 1 smc/i i/iai for any T-C* -algebra, the following 
assertions are equivalent: 

(i) Mr,^(N,AC(«)l8A),* * s °" <0 ,' 
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(ii) For any positive numbers e and r' with e < j^, there exist positive num- 
bers d and r with rr.d,e *s f and r' r for which QSr,A(d, r, r', Xe, e) is 
satisfied. 

Proof. Choose A as in rem.ark H.181 Assume that condition (ii) holds. Let z be an el- 
ement in Ki t (e oo (N,JC(H)®A)x red r) and let y be an element in K% y {l°°(N, K{U)® 
A)^ re dT) such that it' r (y) — z, with < e < j% and r' > 0. Let yi be the image 
of y under the composition 

(14) K*> r '{e°°{N,lC(H)®A)x red r) Kl< r ' {K{U)®A x red T) 4 K e / {A x red T), 

where the first map is induced by the evaluation £°°(N,K.(H) ® A) — > fC(H) ® A 
at i and the second map is the Morita equivalence of proposition 11.291 Let d 
and r be numbers with r r' and r fr.d.e and such that QSr,A(d, r, r', Ae, e) 
holds. Then for any integer i, there exists a in .K^£((7o(Pd(r)), A) such that 

MrX*^) = L * ^ m K * r ( A>} redT)- Let 

x e KKl(C (Pd(r)),£° c '(N,IC(H) ® A)) 

be the element corresponding to (xi)ieN under the identification of equation (fl"3|) . 
By naturality of the quantitative assembly maps, we get according to proposition 
11.311 and up to replace A by 3A (for the odd case) that 

^r,£^(ti,KCH)0A)) : *( X ) = L l' Xe ' T ' T (y) 

in /it r 0?°°(N,/C(H) ® A)» red T). Wc have hence 

Mr,^~(N,K;('H)«iA)),*( ;E ) = L *' r (v) = z ; 
and therefore fir,e°°(N,ic(H)®A),* is onto. 

Let us prove the converse in the even case, the odd case being similar. Assume 
that there exist positive numbers e and r' with e < -j such that for all positive 
numbers r and d with r > r' and r ^ i"r,d,e, then QSr,A(d, r, r', As, s) does not 
hold. Let us prove then that {J-r,e°°{N,KCH)®A),* is n °t onto. Let (di)i e ^ and (rj)igN 
be increasing and unbounded sequences of positive numbers such that r, 5^ rr,d ( ,,\£ 
and ri ^ r' . Let be an element in K^ r (A xt re d T) such that b% ,Xe ' r ' Tl (yi) is not 
in the range of fJ-^ e ^ d * • There exists an element y in Kq T {£°° (N, K(H) ® A) x re£ ;r) 
such that for every integer i, the image of y under the composition of equation (fT4|) 
is y,. Assume that for some d', there is an x in Xi^(C (Pd^r)),f^(N,/C('H)<g)A)) 

such that 4' r (y) = Mr £°°(n yc("H)«iA) *( x )- Using remark fl.181 we see that there 
exists a positive number r with r' ^ r and rr,<i',Ae *S r an d such that 

.e,Ae,r',r ,/>>"V - .e,\e,r',r( . \ 

But then, if we choose i such that ^ r and (ii ^ <i' we get by using naturality 
of the assembly map and equation (TlTf that 4 ,Ae,r ,ri (2/i) belongs to the image of 
Vta * * ' wm ch contradicts our assumption. 

□ 

Replacing in the proof of (ii) implies (i) of theorems 16.61 and 16.71 the algebra 
e°°(n,K(H) ® A) by H ieH (lC{H) ® Aj) for a family (A.j) i6N of r-C*-algebras, we 
can prove the following result. 
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Theorem 6.8. Let T be a discrete group. 

(i) Assume that for any T-C* -algebra A, the assembly map fJ*r,A,* is one-to- 
one. Then for any positive numbers d, e and r rr,d,e with e < 1/4 
and r Tv,d> there exists a positive number d' with d' ^ d such that 
QIr,A(d, d', r, e) is satisfied for every T-C* -algebra A; 

(ii) Assume that for any T-C* -algebra A, the assembly map fir, A,* is onto. 
Then for some A > 1 and for any positive numbers e and r' with e < -h-, 
there exist positive numbers d and r with rr,d,e ^ T and r' $J r such that 
QSr,A(d, r, r' , Xs, e) is satisfied for every T-C* -algebra A. 

In particular, if T satisfies the Baum-Connes conjecture with coefficients, then T 
satisfies points (i) and (ii) above. 

Recall from [THl HO] that if T coarsely embeds in a Hilbert space, then fJ-r,A,* is 
one-to-one for every r-C*-algebra A. Hence we get: 

Corollary 6.9. IfT coarsely embeds in a Hilbert space, then for any positive num- 
bers d, e and r rr, d ,e with e < 1/4 and r rr, d > there exists a positive number 
d' with d' d such that QIr,A(d, d' ,r, e) is satisfied for every T-C* -algebra A; 

The quantitative assembly maps admit maximal versions defined with notations 
of definition 16.31 for any r-C*-algebra A and any positive number e, r and d with 

e < 1/4 and r > rr, d ,s, as 

^Xm ax ,*-- KK *(C (P d (T)) ) A) -+ K^(Ax max T) 



z ^ (J r 3 '•""'(*)) [e^,0U, 

As in the reduced case, we have using the same notations 

• for any positive number d and d! such that d dl ', then 

£,r,d _ e.r,d' 

fr,A,max,* ~ t L T,A,max,* ° Qd,d' ',*• 

• for every positive numbers e, e', d, r and r' such that e ^ e' ^ 1/4, ry^.e ^ 
r j r r,d.e' ^ r 'i an d r < r' , then 

e,e\r,r' e,r,d e ,r ,d 

V ° A*r, A, max,* — ^RA.maa;,*- 

• the maximal quantitative assembly maps are natural in the r-C*-algebras. 
Moreover, by theorem l5.5lT j. the maximal quantitative assembly maps are compat- 
ible with the reduced ones, i.e fJq?A* = ^rj * MrAmaa *■ The surjectivity of the 
Baum-Connes assembly map fir,A,* implies that the map 

Xr,A,* : K*(Ax max T) -> K*(A^ red T) 
is onto. We have a similar statement in the setting of quantitative X-theory. 

Theorem 6.10. There exists A > 1 such the following holds : let T be a discrete 
group and assume that for any T-C* -algebra A, the assembly map fir, A,* is onto. 
Then for any positive numbers e and r, with e < jr, there exists a positive number 
r' with r' r such that 

• for any T-C* -algebra A; 

• for any x in Ki' r (Ay\ red T), 

there exists y in K* £ ' r {Ay» max T) such that X^'^^y) = i%' Xe ' r,r (x). 
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7. Further comments 

The definition of quantitative i^-theory can be extended to the framework of 
filtered Banach algebras, i.e. Banach algebra A equipped with a family (A r ) r> Q of 
linear subspaces indexed by positive numbers such that: 

• A r C A r i if r ^ r'\ 

• A.y ■ cz _|_?-/ 5 

• the subalgebra A r is dense in A. 

r>0 

Since we no more have an involution, we need to introduce instead a norm control 
for almost idempotents. Let e be in (0, 1/4) and let r and N be positive numbers. 
An element e of A is an e-r-A-idempotent if 

• e is in A r \ 

• ||e 2 — e|| < e; 

• ||el| < JV; 

Similarly, if A is a unital, an element x in A is called e-r-A-invertible if 

• x is in A r ; 

• N < A; 

• there exists an element y in A r such that \\y\\ < A, \\xy — 1|| <e and 
\\yx- 1\\ < e. 

Quantitative A-theory can then be defined in the setting of e-r-A-idempotents 
and of e-r-A-invertibles. We obtain in this way a bunch of abelian semi-groups 
(i4T*' r,Ar (A)) ee (o,i/4)-i->,jv>i- Let us set for a fixed A > 1 

K»(A) = (Kr' N (A)) emm) , r>0 . 

If A is a filtered C* -algebra and e an e-r-iV-idempotent in A, then there is an obvious 
(1, l)-controlled morphism K-q(A) fCff(A). Approximating ((2e* - l)(2e - 1) + 
l) 1 / 2 e((2e* — l)(e — 1) + l) -1 / 2 by using a power serie (compare with the proof 
of lemma H.l 0|) . we get that for every N > 1, there exists a control pair (An, fejv) 
such that /Co (A) — > /Cq (^4) is a (A at, /ijv)-controlled isomorphism. Using the polar 
decomposition, we have a similar statement in the odd case. 
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